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ABSTRACT. Let (2, g) be a piecewise-smooth, bounded convex domain in R? and
consider L?-normalized Neumann eigenfunctions ¢ with eigenvalue A% and wuy :=
¢dx|aa the associated Dirichlet data (ie. boundary restriction of ¢). Our first main
result (Theorem 1) is a small-scale non-concentration estimate: We prove that for
any xo € Q, (including boundary corner points) and any ¢ € [0, 1),

681l 5apu =590 = OAT2).
Our subsequent results involve applications of the nonconcentration estimate to up-
per bounds for L? restrictions of boundary eigenfunctions that are valid up to bound-
ary corners. In particular, in Theorem 2 we prove that for any flat boundary edge
I' (possibly including corner points), the boundary restrictions up := ¢n|aq satisfy
the bounds
luall 2y = Oc(A/*1),

for any e > 0. The exponent 1/4 is sharp and the result improves on the O(A!/?)
universal L2-restriction bound for Neumann eigenfunctions due to Tataru [Ta]. The
O(AY#) -bound is also an extension to the boundary (including corner points) of
well-known interior L? restriction bounds of Burg-Gerard-Tzvetkov [BGT] along
totally-geodesic hypersurfaces.

1. INTRODUCTION

1.1. Non-concentration estimates. Let  C R? be a bounded, convex planar do-
main with boundary 0). We say that ) is piecewise smooth if the boundary 02 =
U;-VZIFj such that there exist defining functions f; € C*°(R?; R) with

Fj C {33‘ S RQ;fj(J?) =0, dfj(.%‘) #+ 0}.

We refer to the I';’s as the boundary edges. We say that a piecewise-smooth €2 is a
domain with corners if the I';’s are diffeomorphic to closed intervals with I'; N1 11 =
cj € RQ;j =1,...,, N, such that at ¢; =I'; N "1,

rank (df;(c;), dfj1(cj)) = 2.

We refer to C := {cj};\[:l as the set of corner points and the rank condition on the
defining functions at the ¢;’s ensures that the boundary edges I'j; 7 = 1, ..., N intersect

at non-zero angles. We denote the angle at a corner c¢; by «;.
1
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A fundamental issue regarding eigenfunctions involves their concentration properties
(or lack thereof) on small balls with radius that depends on the semiclassical parameter
hash— 0.

Let (M, g) be a compact Riemannian manifold without boundary and ¢, a Laplace
eigenfunction with eigenvalue h=2. Then, as pointed out in [So], using the explicit
asymptotic formula for the half-wave operator e®V=2 : C°(M) — C*(M) it is not
hard to prove that there exists Cyy > 0 such that

6nlZ2 0y = ONonlZ2ary: V7 = Carh (1)

We refer to estimates of the form (1) as non-concentration bounds. The example of
highest weight spherical harmonics on the round sphere (see Remark 3 below) shows
that (1) is, in general, sharp. However, in certain cases, one expects improvements. For
instance, in the case of surfaces with non-positive curvature, one can get logarithmic
improvements [So] (see also [Han, HR]).

Since the proof of (1) uses the wave parametrix in a crucial way, the extension to
manifolds with boundary is non-obvious since the behaviour of the wave operators near
0L} is much more complicated than in the boundaryless case. The first main result of
this paper (Theorem 1) is an extension of the bounds in (1) to Neumann eigenfunctions
of a bounded piecewise-smooth, convex planar domain. Our basic method of proof
here is entirely stationary and uses a Rellich commutator argument rather than wave
methods. This stationary approach allows us to deal with both boundaries and corners
as well. We note that our result below holds right up to the boundary, including corner
points.

Theorem 1. Let Q C R? be a piecewise C™ bounded, conver domain and consider
the semiclassical Neumann eigenfunction problem:

—h2A¢p(z) = ¢p(z), x€Q,

vbnloa =0,

[onllzz2) =1,

where 0, is the outward pointing normal derivative. Let py € Q be a point in € or on
the boundary. Then for any 0 < < 1,

H¢hH%2(B(pO,h6)) = O(hé)- (2)

Remark 1. The theorem is also true for Dirichlet eigenfunctions, but the proof in
that case is much easier. We will point out the small modifications necessary to the
proof of Theorem 1 in the proof.

Remark 2. As the proof will indicate, the bound for eigenfunction L? mass in a ball
of radius h°, 0 < § < 1/2, is relatively straightforward. The cases where 0 < § < 1/2
follow immediately from the argument proving the § = 1/2 case. To improve to
1/2 < § < 1, we use the estimate for § = 1/2 to bootstrap to § = 2/3. Then an
induction step proves that for any integer k& > 0, the result is true for § =1 — 1/3k.
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Remark 3. The estimate in Theorem 1 is sharp. To see this, let v C 2 be a geodesic
segment with v = {(2/,z, = 0) € Q; 2’| < ¢} and U = {(2/, xp); |zn| < 6} be a tubular
neighbourhood, where (z/,z,) : U — R™ are Fermi coordinates. An L2?-normalized
Gaussian beam localized on ~ is of the form

up(z) = (27rh)_1/4e_x%/h e (a2 xn;) + O(Rh)); a € CPU), |a(z)| >0, z € U.
It follows that

2 2 1/2
HUh”B(O’hl/Q) /zn|<h1/2 /|96/|<h1/2 fun(@)]” de

Consider the case where Q = {(x,y);fl—i + %—; = 1,y > 0} where a > b > 0 is
the half-ellipse and let ¢, be an L?-normalized Neumann eigenfunction. It is well-
known (see [TZ] section 2.2) that there exists a subsequence of eigenfunctions that are
Gaussian beams along the major axis {(z,0); —a < x < a}. Consequently, the estimate
in Theorem 1 is sharp in general. In the special case where the wj, satisfy polynomial
small-scale quantum ergodicity (SSQE) on a scales h1/2, since the volume of a ball of
radius h'/? is h, one putatively expects a bound of O(h) on the RHS in Theorem 1.
Unfortunately, to our knowledge, there are no rigorous results on polynomial SSQE
known at present, although logarithmic SSQE was proved by X. Han [Han)].

1.2. Restriction bounds along geodesic boundary components. Our second
theorem deals with bounds for eigenfunction restrictions. This problem has been the
focus of many papers over the past decade and has deep and interesting connection to
the study of the asymptotics of eigenfunction nodal set and, in particular, intersection
bounds [CTZ, DZ, ET, G, GRS, HZ, JJ, JJZ, TZ, TZ13, TZ12]

Specifically, in the case of L2-normalized Neumann eigenfunctions with ||¢y|| 2@ = 1,
the h-Sobolev estimates give

[unllr200) = O™ || 6nll2(0)) = O(h™13),

and so the bounds in Theorem 2 are polynomial improvements over the (automatic)
h-Sobolev estimates.

It was proved by Tataru [Ta] that for bounded domains with smooth boundary, the
elementary Sobolev bounds can be improved and the Dirichlet traces u; of Neumann
eigenfunctions satisfy

[unllr2o0) = O(h™Y3). (3)

For general smooth boundaries, (3) is sharp and is saturated by whispering gallery
modes on the disc [HT].

Remark 4. We emphasize that the O(h~'/?) boundary estimate in (3) should not
be confused with the restriction bound |lup||r2(gr) = O(h~1/%) (see [BGT]) in the case
where H is an interior curve segment with positive curvature. Roughly speaking,
the latter is consistent with the decay of semiclassically rescaled Airy functions in
classically allowable regions, whereas the former corresponds to Airy decay in the
classically forbidden region. This is an interesting contrast that we hope to address in
detail elsewhere.
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As an application of the non-concentration estimate (see Theorem 1), we consider the
problem of deriving sharp L? restriction bounds for Neumann eigenfunctions along
geodesic boundary segments up to corners. When I' C Qis a strictly interior geo-
desic segment, the bound |up||r2ry) = O(h~1/4) follow from the general LP restriction
bounds of Burq-Gerard-Tzvetkov [BGT]. The main novel feature of Theorem 2 is the
extension of the interior O(h~1/*) geodesic restriction bound to the boundary (includ-
ing corners) with a loss of h~¢ for any € > 0, thereby improving on the universal Tataru
O(h~'/3)-bound along geodesic boundary edges.
To state our second main result, we will need the following

Definition 1. . Let Q be a piecewise C™° planar domain with corners and I'; C 9Q
be a flat edge. We say that ) is admissible if for any adjacent interior angle o; to a
corner ¢; € I'; the following conditions are satisfied:

(i) {L;t):=¢c;+ =il t e R} NC=c¢j, whenaj€ (7/2,7),
(i5) {L;(t):=¢;+ Xt t € R} NC=c¢;, when a; € (0,7/2].

Roughly speaking, admissibility amounts to the condition that glancing rays to a
flat boundary edge I'; starting from a corner point ¢; € I'; reflect off an adjacent edge
and do not hit any other corner point. The condition in terms of angles is stated
slightly differently depending on whether the corner angle at c; is obtuse as in (i), or
acute as in (ii) (see Figures 4 and 5 where the lines L; are pictured).

Theorem 2. Let Q C R? be a convex, bounded domain with corners and boundary
Q) that is admissible in the sense of Definition 1. Let I'; be a totally geodesic (i.e.
flat) boundary segment and up, := ¢ploq be the Dirichlet traces of the Neumann eigen-
functions, ¢p. Then, for any € > 0 there exists Cc > 0 and ho(e) > 0 such that for
h € (0, ho(e)],

lunllLer;) < Cch A,

Let N (h) : C°(0Q) — C°(99) be the double layer potential corresponding to the free
Green'’s function G(g, ¢', h) of the Helmholtz equation (—h2A,—1)G(q, ¢, h) = §(¢—¢')
in R? (see section 3). Setting aside technicalities, the rough idea of the proof of
Theorem 2 involves combining a suitably microlocalized version of the boundary jumps
equations up = N(h)up with Sobolev restriction applied to the non-concentration
results in Theorem 1 to bound the L?-mass of eigenfunction restrictions near corners.
Specifically, in sections 3 and 4 we show that when I'; is a flat boundary edge, there
exist certain boundary operators NJ«D(h),Njg(h) 0 CY909) — CY(Ty) so that with

ng == 1p,up,
ul, = NY(h)up, + NP (h)un + O(1) 2. (4)

In (4), N]g (h) is an h-Fourier integral operator (h-FIO) with canonical relation

graph 3, where (3 : B*9Q — B*9Q is the billiard map. We refer to it as the geometric
term in (4). On the other hand, the operator N jD (h) corresponds to diffraction at the
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corners bounding the edge I'; and so, we refer to the latter as the diffractive term.
Not suprisingly, the main contribution indeed comes from the geometric term and by
successive reflections in the sides adjacent to a flat side I'; (see also Figures 4 and 5),
in section 4 we show that under the admissibility assumption in Definition 1, for any
€ >0,

||Nf(h)uh||L2(FJ) = Oe(hfl/llfe)‘

A more straightforward argument in subsection 4.2.1 also shows that the diffractive
term satisfies

INP (R)unll 2 = Oc(h™1/*).

Inserting these bounds in (4) then proves Theorem 2.

We note that Theorem 2 holds up to corners and also that the —1/4-power in The-
orem 2 is sharp. Indeed, it is not hard to show that the Gaussian beam eigenfunctions
associated with the major axis of the semi-ellipse saturate the bound in (2). Using
the LP bound results for polygonal domains in [BFM], Matt Blair (personal commu-
nication) has recently proved that for polygonal domains one can dispense with the
h~¢-correction in Theorem 2. However, at the moment, for general domains with cor-
ners, we cannot rule out additional background diffractive effects in the restriction
bounds near corners leading to a possible A~¢ loss. We hope to address this question
in detail elsewhere.

The results in both Theorems 1 and 2 should extend to the general Riemannian set-
ting of compact manifolds with boundary. However, the latter case presents additional
complications that we hope to address elsewhere using more sophiscated 2-microlocal
machinery.

Throughout the paper, given a set X and two non-negative functions f,g: X — R™T,
the notation f < ¢ means that there exists a constant C' > 0 such that f(z) < Cg(z)
for all x € X. Similarily, the notation f ~ g means that both f < g and g < f. In
addition, we will use the notation O(h~*~?) as a convenient shorthand for O.(h=*~¢)
for any € > 0.

2. ONE POINT NON-CONCENTRATION IN SHRINKING BALLS

Before jumping into the details of the proof of Theorem 1, let us sketch the main
intuitive idea. Suppose pg is a point on a flat side of 02, and assume for simplicity that
00 = {y = 0} locally near py and pg = (0,0). Let x be a smooth monotone bounded
function, x(y) ~ h~%2y in an h'/? neighbourhood of y = 0, and constant outside a
neighbourhood of size Mh'/? for large M. Then x/(y) is a bump function supported
on —Mh'/? <y < Mh'Y? with \/(y) ~ h=/2 on —h'/? <y < h'/2. We then apply a
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Rellich commutator type argument:

(=128 =130, )on)nav
= =2 [ Y@ mav +0()
= 2/Qx’yhay¢h12dv +0O(1)
Z h_l/Z/ |hd,n2dV — O(1).
B((0,0),h1/2)NQ

Computing the commutator explicitly shows the left hand side is bounded. Adding
a similar computation with x(z)d, and rearranging would prove the theorem (for
0 = 1/2). A suitable h-dependent cutoff allows us to integrate by parts to go from
estimating [|hVéyl|12(p) from below to estimating [|¢p| 2(p) from below. Here the
O(1) error term is from differentiating x twice: hx” = O(1). This allows us to prove
the theorem at the limiting scale h'/2. The tricky part is using the § = 1 /2 result to
prove the result for § = 2/3, and then apply an induction argument to get the result
for any 6 < 1. Of course in this little sketch, the O(1) terms from integrating by parts,
etc. are actually very subtle in the case of Neumann eigenfunctions, and the bulk of
the proof is dealing with these “lower order terms”.

2.1. Proof of Theorem 1.

Proof of Theorem 1. For simplicity, we will assume throughout the proof that the
eigenfunctions ¢y, are real-valued, however the general case can be obtained by taking
real /imaginary parts where necessary. This is not a problem since the quantity we
eventually want to compute is real-valued. However, assuming ¢y, is real-valued does
save us some notational headaches.

The proof will proceed by looking at boundary pieces away from corners and at
corners separately, although the proof for corners has much in common with smooth
sides.

The proof has several steps. First we establish the result for 6 = 1/2. The proof for
0 <6 < 1/2 is similar (and easier), so we omit the details. Then we use the 6 = 1/2
estimate to bootstrap the § = 2/3 estimate. Again, for 1/2 < § < 2/3, the proof is the
same as for 0 = 2/3 (but again easier). Our final step is an induction to prove that for
any integer k£ > 0 the result is true for § =1 — 1/3k.

We will employ a number of convenient cutoff functions.

Let x(s) € C>(R) satisfy the following conditions:

e Y is odd,

e X' >0,

o \(s) =—1for s < -3 and x(s) =1 for s > 3,
o ¢(~1)=—1/2 and ¥(1) = 1/2,

o X(s) =5 for -1 <s<1

See Figure 1 for a picture.
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F1GURE 1. A sketch of the function y used in the proof of Theorem 1.

Let v(s) = X/(s) so that v has support in {—3 < s < 3}, v(s) > 0, and v(s) = 1/2
for |s| < 1. )
Choose also a smooth bump function ¢ (s) € C>°(R) satisfying

e ¢(s) is even and ¢’ < 0 for 5 > 0,

o Y(s)=1for -1 <s<1,

e (s) =0 for |s| > 2.

2.1.1. Analysis away from corner points. We first consider a boundary point py which
is on a smooth component of the boundary I' away from corners. Rotate, translate,
and use graph coordinates so that I' C {y = a(z)} for locally smooth «, py = (0,0),
and Q lies below the curve y = a(x). We will eventually need to invert y = «a(x),
so rotate further if necessary to assume that o/(0) = 1. Let 8 = a~! so that y =
a(r) < x = [B(y) locally near (0,0). We assume as before that 2 lies below the
curve y = «a(x); that is, Q C {(z,y);y < a(z)}.

Let k = (1 + (¢ )2)% be the arclength element with respect to . Then the normal
and tangential derivatives are respectively

o 1 1 o
Oy = =0y + 0y, Oy = ~0p+ =0, (5)
so that
1 ! ! 1
Oy = —0: — =8, 0, = 0.+ -0, (6)
K K K K

For € > 0 sufficiently small but independent of h, let
X(@,y) = X(@/h"?)d(x/e)d(y/e). (7)

If € > 0 is sufficiently small, we may assume that supp (x|so) C I'. We have
x(z,y) = :c/2h1/2 for —hY/2 < z < hY? and —e < y < e. We use the short hand
notation X := 0zX, Xy = OyX, SO sSupp X, consists of three connected components,
one near zero, one near —e, and one near e. Note: since ¥(z/h'/?) is constant for
T < —3hY/2 and z > 3h1/2, we have that x, depends on h for —3pt/2 <z < 3h1/2,
but on the set {|z| > €}, xo = e x(x/h /2 (x/e))(y/e) is independent of h. This
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X = X(z/h?)

/

(0,0

supp (x)

/y:aw

FIGURE 2. ) in a neighbourhood of a point on a smooth side and the
function .

means that
Xo(@,y) = Py (/R Py (y/h'P) — O(1) (8)
so that, in particular, x, > h~'/2/4 on B((0,0), h'/?).
In order to ease notation, let r > 0 be a small parameter not depending on h such

that r > e but a r neighbourhood of (0, 0) still does not meet any corners. This is just

so that integrating in [—r,7]2 N Q includes the full support of x inside Q. See Figure
2 for a picture.

We will use a Rellich-type commutator argument, but terms that appear “lower
order” have non-trivial dependence on h and are not really lower order. We have

[—h2A, XxOx] = —2X2h?0% — hxuehOy — 2XyhO:hdy — hxyyhOy.
Since Xze = O(h™') and Xy and Xy, are bounded independent of h, we have
[ (=2 = 1x00m0mav
= / ((—2x2h?02 — hxzehOr — 2Xyh0:hdy — hxyyhOy)dn) dndV. (9)
Q

We recall the standard estimate for first order derivatives:

/ AR /(—h2A¢h)¢th =1
Q 0
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We further have

/Qxy(hagchay¢h)¢hdv
r  pra(z)
- / / Vo (hdyhda ) bndyd
r  pra(z)
__ / / (hOad) (xyybh + XyhOyén) dyd

4 / By (hs ) ] % .

For the boundary term, the support properties of y means

/ By (hOson) bn|* P dec = / By (hdadn)on (o)) de

T -

Along the face y = a(z), we have hd,¢, = k= hd-ép, so, in tangent coordinates,
/hxy(h(‘)x(éhmh(x,a(w))dw
= / hxykt (hOrdn)prdS

h’2 1 2
5 [ orlnPas

h? _
= =5 [ @rxyrDlenl"ds. (10)

The function 0, x,k ! = O(h~1/2), so, using the standard h-Sobolev estimates,

2

h _
5 [ @ ienfas

=0 [ (hTo +1onPav)
Q
= O(h'/?). (11)
This implies
/Q Xy (hOshdy ) ondV = O(1),

so that (9) becomes
[ra - 1xadesav

_ 9 / (Xeh20201)ndV + O(1).
Q
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Since supp Xz C {(z,y); B(y) < = < r,|y| < r}, by an integration by parts,

2 / (xh2 1) dV
Q

- / / (X200 ndady
—r JB(y)

= 2/ / (Xxh8x¢h)hax¢hdxdy
—r JB(y)
+ 2/ / h(XxxhaxQSh)QZ)hdxdy
—r JB(y)

o /_ (hXahabn) 1) ) dy

—2 [ [ lhdsonfPasdy
—r JB(y)
=2 [ (hxh0u60)60) [y + O(1) (12)

where we have again used that x,, = O(h~!). Unfortunately, as y, = O(h~/?), the
boundary term is not necessarily bounded in the Neumann case.

However, we will see that the largest part miraculously cancels with a similar bound-
ary term when we run a similar argument for a vector field in the d, direction. Let

I, = _2/ ((hxzh0xPn)on) |€5(y),y)dy

be the boundary term from (12). Using the support properties of ., we have x,(r,y) =
0, so that

L=2 / " (hoxahadn)én) (Bw). y)dy.

-r

We now change variables y = () so that

L—2 / " (hxeh@edn)én) (2, alz))a'da. (13)

-r

We will return to this shortly.
Consider now the function

pla,y) = o/ (@)X (B(y) /1) (/e )dy/e). (14)

We have
[—h*A = 1,p0,] = —2pyh°0; — hpyyhdy — 2phdyhdy — hpaghdy.

Again, since py,, = O(h™!) and p, and py, are bounded, we have

/Q ([=P*A =1, p0,]dn)ppdV = —2 /Q (pyh*gdn)dndV + O(1).
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We again integrate by parts, but now in the y direction. We have
=2 [ (0o onav
Q

r  ra(z)
—=2 [ [0 ondyda

r  prax)
—2// py\hayqshy?dydm

/ hpyyhaygbh)gbhdydx

/ (hoyhdydr)én) |2

a(z)
= Z/T/ (pyhOydn)hoyPrdydx
—2 [ (o0, on)n) . (@) + OQ).

Here we have again used that py,, = O(h™!) and that p,(z, —r) = 0.
Now let

=2 [ ((ho,h0,60)01) (s a(a))ds
be the boundary term from (15). We observe that

py = o (@) ()2 (B(y) /1) (/)i (y/e) + O(1).
In (15), we are evaluating at y = a(z), so we get
py(x, a(x)) = o' ()8 (@) W™ 2K (/W) /e)d(alz) ) + O(1)
= Xe(z,a(2)) + O(1)
with x as in (7). Substituting into (16), we have
=2 [ ((ch®y6)6) o ala))ds + O(1)

We now use the Neumann boundary conditions. We have

0= 0yon(z, a(x))

Oé/

= —; xgbh(x,oz(ac)) + %8y¢h(l‘,04(l’))

so that o/0,¢n(x, a(x)) = Oyén(x, a(x)). Substituting into (13), we have

11

(17)

(18)



12 H. CHRISTIANSON AND J. TOTH

L+1,=2 /r ((hxzhOop)on) (z, a(x)) dx

-

~2 [ (o0, 0n)0) (2. (@)

T

2 [ " (hxeh@ebn)n) (2, a(e))a'de

=T

—2 [ (0,060 () +O()

-T

= 0O(1). (19)
Summing (12) and (15) we have

/Q (-h2A — 1, x0,]én)bndV
/Q (=B2A — 1, pdy)én)bndV

=2/ Xm|h8x¢h‘2dv+2/ pylhOydn2dV + O(1).
Q Q

From (8) we have

Xa = B2y (@ /W)y (y/h?) — O0(1),
and similarly

py = h™ 2y /h )y (y /R ?) = O(1).

Hence

/Q (=h2A — 1, xOu]én)dndV
+ / (=B2A — 1, pdy)én)bndV
Q
> / B2 (a2 (g 1Y) (hDabn 2 + 11Dy 2)dV — O(1)
Q
= / B2 (W2 (y /1 2) (— 1203 — W20y én) dndV
Q
+h / BV 2 (i B2 )y (/B2 (1D, 1) dS — O(1)
o0

- / B2 (/B 2y (g W) g PV — O(1), (20)
Q

where, in the last line of (20), we have used the eigenfunction equation and the Neu-
mann boundary conditions. Since

_ 1 _
[ e B e fav =5 [ h gy,
Q B(pofhl/Q)
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we have

1

/) hlﬁmWVS/ww%—anmmmv
4 JB(po,n1/2) Q

+/wwM—LMMmWMV+mD- (21)
Q

Expanding the commutator, using the eigenfunction equation, and integrating by
parts, we have

/Q (-R2A — 1\, )én)éndV
:/«4ﬂrﬁmamwmv—/umv#A—memv
Q Q

=Aummxe#A—WMMH-mmawawwms

+ / (xhOzén)(hOy¢p)dS
00

=—1/ (hd, xhds ) bndS. (22)
o0

Using (5), (6), and the Neumann boundary conditions, we have

!
hdyxhsdy, = (—ih&x 4 ihay) Oy

! 1
= <_ahXx + th> hax¢h
K K
+ xhd,hO. by,

¢ 1 1
= <_ahXx + th) <> ha7'¢h
K K K

/
= Xh2020n + O, b1,

OZ/

/
= — =5 hxehdr n — X3 én + O(h)hdr oy, (23)

Remark 5. Here is where we see that dealing with the boundary terms for the Neu-
mann eigenfunctions is significantly more difficult than in the case of Dirichlet eigen-
functions. Indeed, in the easier case of Dirichlet eigenfunctions, since €2 is convex,
faﬂ |h0, ¢n|?dS is bounded and the integrand has a sign.
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Plugging (23) into (22) and using integration by parts and Sobolev embedding for
the O(h) terms as we did in (10)-(11), we have

/Q (=h2A = 1,0, ]én)éndV

:/ <X0/h233¢h) opdS
o0 K
+ /a ) (fj;hxxhwh) $ndS + O(1).

A similar computation gives

/Q (-h2A — 1, pB,)0n)éndV

- <p1h283¢>h> énds
o0 K
-/ (O;hpyhaTqﬁh) ondS + O(1).
a0 \ K

Recalling that
p(z,a(z)) = o'x(z, a(x))
and
py(z, (x)) = Xa(z, () + O(1),

/Q (=H2A — 1, x0u]6n)bndV

+/([—h2A — 1, pdy|pn) pndV
Q

a/
-/ <xh283¢h) oudS
o0 Y

/
+ [ (Shons,) onds
a0 \~k

-/ (p1h283¢h) ondS
o0 K

_ /8Q (:;hpyh@@) ordS + O(1)
=0(1), (24)

since the displayed terms on the RHS of (24) all cancel.
Finally, equating (21) with (24), we get

/ W2 |gulPdV = 0(1)
B(po,h'/?)

as asserted.
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2.1.2. Analysis near corner points. We now consider the case where py is a corner.
Translate and rotate so that pg = (0,0), and 02 locally has two smooth sections. That
is, after a rotation and translation, there exist locally smooth functions a; and as such
that «; is monotone increasing, as is monotone decreasing, o/ (0) > 0, and o4(0) < 0,
and near (0,0)

0 ={y=a1(z);0< 2 <n}U{y=as(z);0 <z <n}

for some n > 0 independent of h. We assume further that locally €2 lies to the right of
these sections (this is automatic due to convexity of €2). Then locally each a; has an
inverse, which we denote 3;. That is, near (0,0), y = oj(z) <= 2 = B;(y).

We will need to know the tangential and normal derivatives in these coordinates.
For the top section where y = a;(x), we have already computed in (5) and (6) with «
replaced by «;. For the bottom section where y = as(x), let ko = (1+ (0/2)2)% so that
the tangent is 7 = w5 '(1, ab). Recalling that o/, < 0 near 0, the outward unit normal
then is v = sy '(ab, —1). Hence

/ 1 1 /
0y =20, — —0,, 9, = —0, + 29, (25)
K2 K2 K2 K2
so that
1 ! ! 1
Op = —0r + 220, 0, = 20, — —0,. (26)
K9 K9 K9 K9

For € > 0 sufficiently small, let x(x,y) be the same as in (7). We again use a param-
eter 7 > ¢ but sufficiently small that [—r,7]? does not meet any other corners. Again,
this is just to ease notation in our integral expressions. Applying the same commutator
argument as in the smooth boundary segment case, the interior computations are the
same, we just need to check what happens on the boundary. The key difference from
the case with no corners is that boundary integrals have to be considered piecewise.
See Figure 3 for a picture of the setup.

Integrating by parts in the x direction on the interior terms, we have:

/Q ([~h*A = 1,X0:)¢n)ppdV = —2 / X (W*0261)PndV + O(1)

_ / / o (W20 63 )y
—r Jo=0F2(y

- 2/ / Xe(h202¢p)ppdxdy + O(1)
r= 51
L+ 1+ 0(1
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FIGURE 3. € in a neighbourhood of a corner and the functions x, p1,
and po.

Let us examine I first:

0 r 0 r
n=2 [ [ icedonondedy+2 [ [ u(o.onP)dedy
—r JB2(y) —rJ Ba(y)

0
_9 / hxa (hOzdn) dnl=p, () Y
y

=—7r

0 r
. / / o Oy 6n 2y
—r JB2(y)

0
+9 / (hxe (hOadn)dm) (Ba(w), y)dy + O(1),
)

=—r

since x has support in z < 2e¢ < r, and hy,, = O(1).
Similarly,

12:2// Xz (|hOp o |2 dady
0 JpBi(y)

o /0 (hxe (hdan)bn) (B (), y)dy + O(L).
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Summing, we have

Lra - 1xadeeav
=1+ 1L+ 0(1)

:2/ Xz (|hOp o |2 dady
Q

0
+9 / (hXa(haon)bn) (Ba(), y)dy
)

=T

+2 [ (oehs6n)0n) (B2(3). )+ O().
y:

For the two boundary terms, we change variables y = aa(z) and y = aq () respectively

to get

/ (=H2A — 1,xD,]én)éndV
Q
_ / Yo (|hBugn dady — 2 / () (hxa (hdabr ) ) (@, an(a)
Q 0

+2 /Or oy () (hx e (hOpdn)dn) (z, a1 (z))dz + O(1). (27)

Note the sign change on the second integral to correct for reversed orientation in the
x direction.

We now want to employ a similar argument with 9,. However, our function p cannot
be globally defined if we want to write p in terms of x on the boundary, since we are
not assuming any relation between oy and ao. Let

O =0n{z <rpn{y >0},
and
Q=0n{z<r}n{y <0}
be the top and bottom parts of 2 near (0,0). For j = 1,2, let

pi(a,y) = a(2)X(B;(y) /h2)d(x/e)d(y/e), =12 (28)

See Figure 3 for a picture of the setup.
Let us record some facts about the p;’s. First, along y = «, j = 1,2, we have

pi(e,a;(z)) = o (@)X (x/h2)d(x/e)d(ay(2) [e) = alx(@, aj(x)). (29)
Along y = 0, p; = 0, since X is an odd function and 3;(0) = 0 for j = 1,2. Along
Yy =y,
dypi(w, a;(x)) = h™2a;(2) (e (2)) X (@/h2 )z /e )d(a;(x) /e) + O(1)
= h™2X/ (w/h2 ) fe)d(a;(x) /e) + O(1)
= xX(‘Ta aj(x)) + 0(1)
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Here the implicit O(1) errors are from differentiating the zﬁ functions so are supported

away from the corners. Finally, along y = 0, we have ¥/(0) = 1/2 and ¢/(0) = 0, so
that

B,p;(x,0) = h=2 X' (0)d(x/€)i(0) (30)
= (h12/2)¢(x/e). (31)

Now consider the vector field p19, on €2;. The same commutator computation and
integrations by parts in y yields the following;:

/Q ([=h*A — 1, p10y)pp) drdV

_ 9 / p1y (W2021) drdV + O(1)
y=a (z)
_ / O / p1y (W20261)bndyda + O(1)

Y= a1
—2 / ' o 0y n Py — 2 | honbd,ononlss @ o + o)
x=0 =0

o / pry|h0y o 2dydz — 2 / (hp1.y (0, 01)6) (2, 01 () da
951

z=0

2 / (hpry (hDybn) ) (i, 0)de + O(1)
=0
= 2/ pl,y|h8y¢h|2dydl‘
1951

—2 [ (0 + O (10,61)60) .1 ()

=0
+ 2/io(h1/2/2)1;(95/6)<h(h5y¢h)¢h)(at,O)da; + o)
= 2/91 p1y|hOydn|*dV — 2/9:_ (hxz(hOydr)pn)(x, a1 (z))dz

| ;0 B (/€) (hdy)n (. 0)dz + O(1). (32)

Here we have used integration by parts along the boundary and Sobolev embedding
on the implicit O(h) boundary terms supported away from the corner, just as in (10)-

(11).
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A similar computation on €25 using the vector field p20, gives
/ ([=h*A = 1, 20, )1 prdV
Qo

= —2/ P2,y (P20 ¢n)pndV + O(1)

——2f / 9y (120260) bndyda + O(1)
=0

—9 / / ol Pdyds —2 [ by (h0,60)6nly=0,ds + O(1)

=0 Jy=a2 x=0

=2 [ pay0onaV —hd [ D/ 00,0n)0n (. 0)da

2 =0

2 / " e (hy6m) b (, as(2))dz + O(1). (33)

Summing (32) and (33) and making the obvious cancellations, we have

| (=028 =1 pidjenonav + [ (=028 =1, padlén)onav
(951 Q2

= 2/ Pl,y|hay¢h|2dv+2/ P2,y|hay¢h|2dv
Ql QZ

9 / " (e (0, dn) ) (v, 0 () da

=0

42 / 7»0 he (hdy ) bn(x, as(a))dz + O(1). (34)

We now use the Neumann boundary conditions on ¢;, and sum (27) and (34). On
the top segment where y > 0, we have (5) and (6) so

/

CV
0= u@bh—_; x¢h+ 3y¢h

Then dy¢p, = oy 0,¢p on the upper section. Similarly, on the bottom section we have
(25) and (26) so that dy¢p, = ah0,¢p. Consequently, (34) becomes

/Q (-h2A — 1, 918, on)éndV + /Q (-h2A — 1, 920, )bV
= 2/ ply\hay¢h\2dv+2/ p2.y| ROy O] 2dV
/_ (hxz (a1 hOzén)n) (z, a1 (z))dz

o / " hixa(@shun)on (. an())dz + O(1). (35)
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Now summing (27) and (35) and making the obvious cancellations, we have

/Q (=h2A = 1,x0,]én)éndV

+/ ((=h*A =1, p19y) 1) prdV +/ ([=h*A =1, p20y)pp) pndV
Ql Q2

:2/ Xx(|h6x¢h\2dV+2/ Py h8y¢h\2dV+2/ 2.4 ROy PR 2V + O(1).
Q Q1 Qo

(36)

It remains to compute the commutators on the LHS of (36). By Green’s formula,

/ (2h2A — 1, x (2, 9)0u]on) bV = — / (hy Xhy 1) ondS
0 o0

and for j = 1,2

/Q (120 — 1, (. )0y ) dndV

J

— / (hd,,p;hdydn)PrdS + / (pihOydn)(hOy¢n)dS
o0 o0

J J

. /8 (10pi1Dy60)6ndS.

Q;

Here the second integral in the second line is zero since ¢ has Neumann boundary
conditions along the boundary y = oy, and p; = 0 along the line y = 0.

On the upper segment, we use that 9, = —%813 + ,%lay, and 0, = %187 — %@ to
get

hauxhaxd)h = Xhaxhau¢h + [haua Xhax]¢h

o, o
= — X202, — —shx2hOrdp, + O(h)hO; ¢y,
R1 K1
Similarly, on the lower segment, 0, = %833 — éay and 9, = ?128T + z—lj(‘% so that

ol ol
hd, xhdydp, = ﬁthaﬁth + K—ghxxh&qﬁh + O(h)hd; ¢y,
2
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Plugging in, we have

/Q (-h2A — 1, x(x,y)0:)n)éndV

= / (hauxhax¢h)¢hds
a0
ot o
= _/ (_71Xh281/¢h - %thchaT(bh + O(h>ha'r¢h)¢hds
an{y>0} K1
- / (12,0, + hxmhaquhw( V1 in) ondS
anN{y<o} K2

=— / (— th? Ay — 1hxmhaf¢h>¢hds
oan{y>0}y K1

_ / % b2 0+ ° hxzhaquhmdswax (37)
anN{y<o} K2

where we have again used integration by parts along the boundary and Sobolev em-
bedding on the implicit O(h) boundary terms supported away from the corner, just as
we did in (10)-(11).

For the computations involving the vector fields p;0,, we have by Green’s formula

/Q (=B2A — 1, p;0,) 0 dV

J

— _/a (hOypjhOydn)pndS

Q;

. / (hypihdybr)ndS — / (hypihdybr)ndsS,
{y=01(z)} {y=0}

since 9(x/€) has compact support in {z < 2¢ < r}. Using the same computations
which led to (37), on {y = a1}, we have

1 o
hdy,p1hOydy, = Emh%z@l + ;;hpl,thh + O(h)hdr .
1

On {y = 0}, from €, we have 0, = —0y, so that

hdy p1hdydn = —hdyp1hdydn,
= —hp1yhdypn — p1h*0; b,
= _hpl,yhay¢h
—(h2 /2)d(x/e)hdydn,
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since p1(x,0) = 0. In the last line we have used (31). Putting this together, we have

/Q ([=h*A =1, p10y]pn) D dV
= _/ (hauplhay¢h)¢hds
o0

(hdyprhdy6n) bndS — /{ (0,pndn)onds
y=0

{y=a1}

p1h282¢h + —hpl wh0r by + O(h)hd-¢p) drdS

/y o} K

/ —hp1yhdyép)dndS
/ } - L h202e, + 1hp1yhaT¢h>¢hdS
=1

— (2 /2)d(/€)hdy 1) ondS + O(1). (38)

Here we have once again used the Sobolev embedding on the implicit O(h) boundary
terms just as we did in (10)-(11).
In a similar fashion, we compute for €2s:

/ ([=h*A = 1, p20y)pp) P dV
Qo
= _/ (hal/p2hay¢h)¢hds
002
1 202 o
= _A }(_7102}'/ 8V¢h - ?hPQ,yha’r(bh)(bhdS
y=a2 1

K2

= [ (O ma,600mds + O, (39)

Here in the last line we have used that, from Q, 0, = 9, along {y = 0}.
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Summing (38) and (39), we have

/Q ([=h*A = 1, p10y)pp) PrdV + / ([=h*A = 1, p20y)p1) pndV

Qo

1 o
== /{ (—p1h*050n + —hp1yhdrp)ondS
1

y=ai} K1

s [ ()i 0,0 onds
{y=0}

1 o
. / (—pah026n + “2hpa yhdr d)pdS
{y=as} K2 K3

N /{ 0}((h;/2)¢($/€)hay¢h)¢hds +0O(1)

1 o
= - / (—p1h*02¢n + —2hp1 yhO- 1) PrdS
{y=a1} F1 K1

1 !/
4 / (L poh20261 + “2hps yhor dr)éndS + O(1) (40)
{y=an} K2 K3

From (29), we know that

,Oj(:B, O‘j(x)) = a;‘X(:L" O‘j(w))
and
Piy (T, aj(2)) = Xz (7, (7)) + O(1),

so that (40) becomes

/Q ([=h%A — 1, p18,)pn) PrdV + /Q ([=h*A =1, p28y)dp) rdV

1 o
. /{ ey Xh2eBn + S Iixahidrn)ondS

y:al} R1

1 /
s [ Caboton + Shaho ) onds + O(1) (41)
{y=az} 2 Ky



24 H. CHRISTIANSON AND J. TOTH

Summing (37) and (41), we have
[ra-1a)o0av

+/ ([=h*A =1, p19y) 1) prdV +/ ([=h*A = 1, p20y) 1) prdV
Ql QQ

(07

OL/ /
= — / (——=2Xh*0udn — —s hxohO-¢n)PpdS
oan{y>0}  H1 K

Oy o o
_/8 (7Xh al/¢h + ?thhaTd)h)qz)hdS
2

Qn{y<o} h2

1 o
- /{ }(Ealleﬂaggbh + ;%hXxha‘rﬁbh)d)hdS
Yy=an 1

1 /
T / (L2021 + 2 hxahdy dn)éndS + O(L). (42)
{y=aa} K2 K3

All of the displayed boundary terms in (42) cancel, so that
(=428 = 1301100 0ndv

+/Q ([=h*A =1, p10y]dn) ¢ndV +/Q ([=h*A =1, pa0,]én) pndV
1 2

= O(1). (43)
Finally, equating (36) and (42), we have shown

2/ Xx(|hax¢h|2dv+2/ p17y|h8y¢h|2dv+2/ p2,4|h0yen2dV = O(1).
Q (o5 Qo
Using the same estimates as in (8), we have that

Xa 2 W72 /W2y (y /WP (y /) — o)
and on each of €},

piy = B2 /W )y (y /R,
so arguing as in (20), we finally get

1
/ | hE|gnPdV = 0(1).
B((0,0),h2)
Step 2: 6 =2/3.

We are now ready to bootstrap the estimate for § = 2/3. The argument proceeds
exactly as in the 6 = 1/2 case, but now some of the error terms are no longer so easy
to absorb. We begin with the case where pg is not a corner, starting with defining the
cutoff x as in (7). For € > 0 small but independent of h, let

X(@,y) = X(@/W*P)d(a/e)d(y/e). (44)
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Observe the only difference in (44) versus the cutoff in (7) is the h=2/3 appearing
instead of h~/2. This is good, since we will once again need some boundary terms to
cancel. The argument is identical to the argument in the 6 = 1/2 case except for one
piece: X is no longer O(h~') but instead is O(h~*/3). We will have to work harder
to control this.

Beginning with the commutator, since x, and x,, are both bounded, we have

/Q (=h2A — 1, x0:)én)bndV
= /Q ((—2x2h?02 — hxeehOy — 2xyh0:hdy — hxyyhOy)én)dndV

= —2/(th23§¢h)¢th —/ hXzz(hOzdn)PndV 4+ O(1).
0 Q

Let
I= /Q B (W 1) V.

Even though x., = O(h~*/3), we will nevertheless show I is bounded. Write

1= [ [ hxeuthdon)ondady
—rJB(y)
and integrate by parts:

= _/ //3< ()0 (s tn)dzdy + / B2 X6l () By
—r Y

— [ /ﬁ  onalon[ddy + [ xaalon Pl (45)
—r y —r

Let
Il - h2/ / X;rxz|¢h‘2dmdy
—rJB(y)

We have X,ze = h™2, s0 I; = O(1). We pause briefly here to observe that the function
Xazzo Still has large support in the y direction, so we cannot use the 6 = 1/2 non-
concentration estimate here. We use that for the next term: let

b= [ oualn Pl o

As before, the support properties of x and its derivatives tells us

b= [ WxalonP(6(0).v)dy,
Remark 6. Away from corners, the bound Io = O(1) follows from the universal eigen-
function boundary restriction upper bound in (3). Indeed, since h®xze = O(h??) Xz,

I = O(h2/3) /

Xao|@n[*dS = O(1)
oN
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where the last estimate follows from the Tataru bound [y, Xaz|dn|*dV = O(h=2/3)
since Y. is supported away from corners. However, since we will need our estimates
to hold near corners as well, we give a more direct argument here to bound Is.

Note that Is is a boundary integral with support in three different regions in the
¢ direction. We have x,, = O(h=%3) for —3h%/3 < x < 3h%3, and xze = O(1)
for |z| > 3h%/3. In the latter region, the boundary integral then has k2, so Sobolev
embedding gives O(h). It is on the region —3h2/3 < < 3h?/3 where we may encounter
a problem. Let [a(h),b(h)] be the image in y of [~3h%/3,3h%/3]. Using the support
properties of ¥ and the Fundamental Theorem of Calculus to relate the boundary
integral to an interior integral (similar to a Sobolev estimate),

L < C W2h=Y31 62 (B(y), y)dy
[a(h).b(h)]

S (@clén?)av. (46)
B(po,Mh?/3)
Here M > 0 is a constant large enough so that

{(B(y),y) : a(h) <y < b(h)} C B(po, Mh??),

But for h > 0 sufficiently small, B(pg, Mh?/3) C B(pg, h'/?), so that, by an application
of the non-concentration bound for § = 1/2 and Cauchy-Schwarz,

B3 / (Dlén2)dV
B(po,Mh2/3)

<2 [ o onlav
B(po,h!/?)
< Ch2/3_1+1/2
= O(n'/9).
Combining this with the estimate on I; and plugging into (45), we have
21 = O(1).

Now the computations (12)-(20) are identical, including the boundary cancellations,
leading to

/Q (=H2A — 1, x0u)én) bndV
+ / (-h2A — 1, 0, )0 ) ddV
Q

> /Q B2y (w2 (g 123 gn AV — O(L). (47)
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On the other hand, expanding the commutator, using the Neumann boundary con-
ditions, and applying Sobolev embedding as in (23) yields the exact same identity:

/Q (-h2A — 1, X0, ]én)éndV

_ / <xo‘/h283¢h) ondS
0N R
a/
—hxzho- ds + O(1).
# [ (S, ) onds + o)

And again, similar computations give

/Q (-R2A — 1, p3,)n)ondV

-/ (p1h263¢h> oudS
N K

- /aQ <:2hpyh8T¢h> PrdS + O(1).

Again using the same miraculous cancellation on the boundary terms, we finally arrive
at

(= = 10 0mmav + |06 =1, p0 on)éndv = O1)
Comparing to (47), we have

/ h—2/3fy(x/h2/3)*y(y/h2/3)\(bh\ZdV =0(1),
Q

which completes the proof in the case pg is not a corner.

We finally remark that we can follow along line by line the proof in the case pg is a
corner with similar modifications as in the case § = 1/2 to conclude the estimate with
d = 2/3 holds at a corner as well.

Step 3 (induction): 2/3 < 4§ < 1.

Our goal now is to prove that for any integer k > 0, the theorem is true for § =
1 —1/3k. The case k = 1 has already been shown, so we are ready for the induction
step.

We will need better control over some of the boundary terms than we have had
previously. We will employ more or less the same cutoffs, so the same important
cancellation will occur, but it is the “lower order” terms we need to estimate. The
issue is that lower order for the induction means estimates for 6 = 1—1/3k to prove the
estimates for 6 = 1—1/3(k+1). Since in these cases 6 > 2/3, this is more complicated.

In order to fix the ideas and notations, let ¥ and 1 be as in the start of the proof.
We work initially away from a corner, but the proof in the corner case follows line by
line as the proof in the 6 = 1/2 case, with one notable exception which we shall point
out as we proceed.

Fix po € 02 away from a corner and rotate and translate as above so that pg = (0, 0),
and locally 99 is a graph y = a(z), o/(0) # 0. We also write 3 = a~! so that the
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boundary can also be written = (y). Let » > 0 be as in the beginning of the proof,
a number independent of h such that B(pg,r) does not meet any corners. Again, this
is just to avoid messy numerology when writing down our integral formulae.

Fix an integer k > 0 and let

1

:1—7
Nk 3k

be the corresponding index. Let

X = X (/D) (@ /W )0 (y /). (48)

We observe that this cutoff has derivative ~ A~+1 for x in an A"*+! neighbourhood,
but is supported in a neighbourhood of size h'k. In particular, we record the following
facts:

o x(x,y) = x/2hM+1 for —hT+1 < g < h+1 and —h™ <y < Ak,

e Y is supported in [—2h", 2h"k]2,

e The support of y, has three connected components in x:

Xz = 1/2h77k+1, ‘$| < W

and
Xo = O(h41), [a] < 3074

Xz = 0, 3R+t < z| < A

and
Yo = O(h™™), b < || < 2.

The purpose for replacing v with ¢/? will become apparent shortly.
Claim: For h > 0 sufficiently small, we have the estimate

| xnorof? + oo av = ogm). (49)
Q
To prove the claim, we will integrate by parts. We first get rid of the x part:

x| < &% (/R )2 (y /W),

In order to ease notation, let 9y (z) = (x/h"™) and similarly for ¢(y). Then we
integrate by parts. Letting I denote the integral (after removing the x):

1= / GR() 02 () (|houd|? + |hDyo|2)dV
Q
- /Q G2V (y) (—h2A)pdV
- /Q DMV (/W Yoy ()0 (1) (B 8) AV
_ /Q DL 2w /R)D (y/ B Yy () (hDy ) AV
+ /8 () R) (h0,6)dS.
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The last term is zero due to the Neumann boundary conditions. For the remaining
terms, observe that 1 — n; > 0 so we can estimate the second and third terms using
Cauchy’s inequality:

/Q DRI (o W Y ()02 () (h D) AV

L /Q 202 () (y /B Y (y) (hdy d) AV
< Chl-m / (2 ()02 (y) RO + i) |62)dV
[—2R"k 2h7k]2

+ ORI / (R (@)U} (1) |hDyd | + i ()| $[*)dV.
[—2h"k 2R"K]2

Recall we are assuming the theorem is true for k, so we have

/[ o 624V = O(h™).

Collecting terms, we have
I < ChY T 4 O(hM).

Rearranging proves the claim.

We now use this to control boundary terms. This is really just a cheap version of
the usual Sobolev embedding, but we write out the details as it is important for the
corner case.

Claim: Let ((x) be a smooth function with support in {—3h" < x < 3h™} (=1
for —2h" < x < 2h"k and 97'¢ = O(h~ """ ). We have

| _clopas = o).
o0

To prove this claim, let

1= / C()C (/M) (hDyd)pdV.
Q

The number M is simply chosen large enough, independent of A so that the function

C(BW))C(y/M) = ¢(B(y)), and supp((z)¢(y/M) is in an h™ neighbourhood of po.
From our first claim and Cauchy’s inequality,

1] = O(h™).
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Integrating by parts:

1= [ T M) (hO,d)ddad

[ corcwnnma.sody

= I/ /@( )hax(C(x)C(y/M))|¢l2d$dy
—r JB(y

1 [ @Iy

— Oy + Oy — b [ C(B(y)|[dy.

T

Rearranging proves the claim.

Remark 7. We pause now for an important observation which is the only place
the proof in the corner case deviates from the present case. We will eventually be
estimating boundary integrals such as those with h="/(x /R )iy, (z)2(y) replacing
¢(x)C(y/M). Observe that this is supported away from x = 0, so that, if (0,0) is a
corner, this is supported away from the corner so that we can integrate by parts along
the boundary, even in the corner case.

We now follow the proof in the 6 = 2/3 case. We compute the commutator, being
very careful for “lower order terms”. Recalling the definition (48) of y:

[ (=8 = 1500 mav
= /((_2)(:1:]128;% - thcham - 2thayhax - thyhax)¢h)¢th (50)
Q
Let us examine each term separately. We have

/Q (— 20 h 202 00) o dV

- / / (—2xah?026n) brdedy
—r JB(y)

— / / (20 [1s 6n P dady
—r JB(y)

+ / / (2hxauhDecon) Sndady
—r JB(y)

~ [ 2ha(hudnont v (51)

-r

The term in (51) with X, also shows up in (50). We know that y,. = O(h~2"+1)
and is supported on a set of radius ~ A", so our first claim gives

/ hXxx(h8x¢h)¢th = O(hh*?ﬂk+l hnk)
Q
=0(1),
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since
1 1 k1
1-2 —1-2(1-——Jr1-—=_""" >y
Meet1 7+ Tk ( 3(k+1)>+ 3k 3k(k+1)—

For the two remaining terms in (51), we need to use the support properties of y,.
We have

X = W o ) O )
2R W) W) )R 7).

Recalling our function v(s) = ¥/(s), we have
Xo 2 h41 (2 /1) — O,

and let us stress again that the O(h™"") error term is supported on scale h. Hence
we have

/ e By by 2AV > e / (W Yy () Ry 2V — O(L).
Q Q

We now examine the boundary term in (51). This is again where we must be mindful
of any differences between the case with or without corners. As in the previous steps
in the proof, we will also be using a commutant with the vector field p9,, where

p = o/ (@)X(By) /W42 (/W) (y /B™). (52)

The same cancellations of boundary terms will happen on the set where p, = X, which
is for —3hM+1 < g < 3hk+1. For |x| > 3h™+1, these functions do not necessarily agree,
but in this region both x, and p, are O(h™") rather than O(h~"+1). Further, they
are supported away from x = 0 so that we may further integrate by parts on the
boundary. That is,

[ emnononony iy

b
r

= - / 2hh T (/W) (B(y) /W )2 (y /B ) hddn ) dn(B(y), y)dy

T

_/T BRI (2 /W) (B(y) /A (B(y) /W )03 (y /W ) D dn) dn (B(y), y) dy.

-r
The cutoffs in the second term are supported away from x = 0, where y = +1. Let 7
denote the tangent variable so that, as above,

a/
Oydnlon = - - dnloq-

Let

C(y) = X(B(y) /W) (B(y) /W™ )2 (y /B,



32 H. CHRISTIANSON AND J. TOTH

and let ¢(7) denote ¢ in tangent coordinates, so that 87°¢ = O(h~""). Then
/ 2R (/R ) (B(y) /W) (B(y) )03 (y /Y hdadn) dn (B(y), y)dy
= [ e ool yar
o0N

= [ W) Dol
o0

= O(R* 2=t

=0(1),

where we have used the second claim and that 7 < 1 for every k. Collecting terms,
we have

/ (2hxehdedn) b, dy

-Tr

T / " (B (y) [ ) (B () )R (/B Y hdabn )b (5(4), w)dy + O(L).

-

Remark 8. We stress again here that this part of the proof is where we have to be
careful if pg = (0,0) is a corner. The above integrations by parts would not be possible
near a corner without the observation that the integrand is supported away from z = 0.

We continue with the other two terms in (50). We have x, = O(h™") and hy,, =
O(h'=2m) = O(h~"), and we are integrating over a region of radius h", so using our
claim,

/Q((_2thayhax - thyhax)¢h)¢th =0(1).

We now use the vector field pd, as in (52). All of the computations are similar,
once again singling out the boundary terms which are supported near z = 0 but where
Xz = py and summing as in the 0 = 2/3 case, we get

/ (=h2A — 1, xu)én)ndV + / ([=h2A — 1, pdyJén)ondV
Q Q
=2 [ alhdonlaV +2 [ pylhd,onfav
= [ 2T (B D30 1) han) (5 (w), )y
+/_ DRA=E ! (o A ) D ) T iy )b, () + O(1)
> pom / (/B Yy (3 /B4 | 24V — O(1)
Q

1
pmen / 6adv — 0(1)
QﬂB(po,h”k+1 )

W
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Finally, we unpack the commutator as in the 6 = 1/2 case and use the claims and
observations above to conclude that

/([_h2A 1 D] én)bndV + / (=h2A — 1, pd,)én)ndV = O(1).
Q Q

This completes the proof in the case pg is not a corner. In the case pg is a corner, we
use Remark 8 and the rest of the proof is identical.
O

3. RESTRICTION BOUNDS FOR DIRICHLET DATA: PROOF OF THEOREM 2

As an application of Theorem 1, we now prove the restriction bounds along to-
tally geodesic boundary components up to corners in Theorem 2. A key technical
component in the proof of Theorem 2 involves estimating near-glancing mass based
on potential layer theory for the boundary data outside of h° neignbourhoods of the
corners. To estimate restriction in h° neighbourhoods of the corners, we then use the
non-concentration result in Theorem 1 combined with Sobolev estimates. Before car-
rying out the details, we briefly review some of the salient facts needed here and refer
the reader to [HZ] for further details.

3.1. Potential layers and the boundary jumps equation. Let Q@ C R? be a
piecewise-smooth, bounded convex planar domain. The free Green’s function for the
Helmholtz equation

(_A - h_Q)G($7y7 h) = 537(3/)7 (.%', y) S RQ X Rz

is given in terms of Hankel functions:

7 _
G(z,y,h) = ~Hal (h ]z — y)).

4
The corresponding double layer operator N (k) : C°(9Q) — C°(9Q) is given by
Nmflo) = | Niad,h) f(d)do(d),
N(g.¢.h) =20, Gla.d. ) = h () e Zﬁ‘> - Ha{" (h g — ), (53)
where,
Hagl)(z) = (i)lﬂe}(‘z(;;;/;) /Uoo e *s1/2(1 - i)l/z ds. (54)

Here, and throughout the paper, v(q) denotes the unit boundary external normal
at g € 00 =00\ C.
We recall that the boundary jumps equation says that

un(q) = N(h)un(q); q € 0N (55)

where N (h) is the double layer operator in (53).
Let

S :=CUS*90,
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where the C = UN_,{c,,} is the set of corner points and S*0() is the glancing set of
the interior of the boundary faces. We will sometimes refer to S simply as the singular
set and let U denote a neighbourhood of

2= (B7H(B*ON)) x SUS x (BZH(B*0N))°,

[1

where B_ : B*9Q — B*9 is the backwards billiard map.
We recall ([HZ] Prop. 4.2) the following h-microlocal decomposition of the double
layer operator:

N(h) = Ng(h) + Na(h) + Ns(h), (56)

where Na(h) € ¥, 1(99), a boundary h-pseudodifferential operator of order —1 (see
section 5.1 for a precise definition) and WF] Ng(h) C U. For our purposes, the most

important part of the double layer is Ng(h) € IS(@OQ;AQ), a zeroth-order h-Fourier
integral operator (h-FIO) with canonical relation

Mg ={(g,6,¢,€) € B*Q x B*9Q"; (¢, €) = B, 6)},

where 3 : B*9Q" — B*9Q" is the standard billiard map.

With (¢, &) € B*90 " and (¢, &) = B(q, &), the operator Ng(h) has principal symbol
(see [HZ] Prop. 6.1)

P AR
e

Since Ag C T*0§2 x T*0f2 is a canonical graph, it follows by the h-Egorov theorem
([Zw] section 11.1) that

o(N3)(¢, BQ)) = dgde|'?, ¢ =(g,€) € B*OQ . (57)

(1—[¢]2)"/2
TSGR

In the following, we make the additional assumption that €2 has a boundary decom-
position

N§Nj € W(09), o (N5 Np)(g,€) = (58)

o = Fj Uk Ty,

where T'; is a flat boundary edge and the {I'; };+; are the remaining (possibly curved)
boundary edges. We will follow the convention that I';_; and I';y; are the edges
adjacent to I'; sharing corner points ¢; and c¢j;1 respectively with I';.

In this case, the analysis of the operator N(h) simplifies substantially due to the
fact that along the flat edge I';, the Schwartz kernel

N(h)(Q7 ) - 0 (q,7 q) E ]‘—C‘)j X ﬁj? .] = 17 "'7N' (59)
Indeed, (59) follows immediately from (53) and the fact that

< / |q q‘>_0 (q,q')Efjxfj.
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3.1.1. h-FIO part of the potential layer. It follows from the integral formula (54) for
the Hankel function that the hA-FIO part of the potential layer N(h) has Schwartz
kernel of the form

No(g.¢') = 2nh) =20 Vhe(q, o h), (60)
where ¢(q,q', h) ~ Z?’;O cj(q, ¢, ¢ € C’OO(@OQ X 8(2) when |q¢ — ¢'| Z h?, 6 €[0,1).
To derive (60), one observes that the function b € C*°(R) given by

b(z) = / 2 (1= Ty g (61)
0 22

has standard conormal asymptotic expansion as x — oo. Indeed, by Taylor expansion
of the integrand in (61), it follows that

b(x) ~ Z bjx ™ as x— oo,
7=0

Consider the piecewise-smooth function

/

_ q—q _
alg, q) = lqa—q|7* (w(d), g = Ola- q)"1? (62)
uniformly for (g,q") € 99Q. In this case, the factor (v(¢’), |Z:gi|> = O(1) and no better

since the boundary normal jumps at corners. Then, the WKB expansion (60) for the
Schwartz kernel Ng(h)(q,¢") follows from (61) and (54). Moreover, it follows that one
can write Ng(h)(q, ¢') somewhat more succinctly in the form

Ng(h)(q.q") = 2rh) "2V a(q, ¢') b(h™ g — ¢']). (63)

Since in (61), |1 — 52~ !| > 1 where = |q — ¢/|/h, by differentiation under the
integral sign and using the estimates

0, gl = Op(a g —q'|717),
it follows that for (¢,q¢’) € 00 x 99

05 4a(¢,4") = Oalla—¢17*71); le—d| 51, (64)

o) b(h g —d|) = 0s(1)7 () =0p(lg—¢|7); 1Z5h M g—d|Sh"

Moreover, the derivative estimates in (64) are uniform for (q,q') € 9Q x 9.

We note for future reference that from the Leibniz formula and the derivative es-
timates (64) it follows that the symbol ¢(q,¢’,h) in (60) can be written in product
form

c(q,q 1) = alq,qd) - b(h ' (lg — '),
where

lq— ' 05 yelq,d h) = Oullg = ¢|71*), 15h7Yg—qISh"  (65)
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From (65), it follows that
ho2o8 ve(a,d' h) = Oa(h™01); Jg—d|Zh°, 0< 6 <1,
and so,
h%c e $Y(1).
The formula in (63) together with the symbolic estimates in (65) will be used in the
next section.

4. h-MICROLOCALIZED JUMPS FORMULA: ESTIMATES NEAR GLANCING

We introduce several cutoff functions at this point. As above, let I'; be a flat
boundary edge with corner endpoints ¢; and c¢;41. More generally, we order all egdes
'y : Kk =1,..,N — 1 in a counterclockwise fashion and let ¢j (resp. cgy1) be the
corner endpoints of I'y, adjacent to the edges I'y_; (resp. I'yi1). Throughout the
paper, ¢ : [0, L] — 9 will denote the piecewise C* arclength parametrization of the
boundary.

Let x € C°(R?), 0 < x < 1, be a radial cutoff with x(z) = 1 for |z| < 1 and
x(z) = 0 for |z| > 2. Fix a constant Cyp = 3 min; |T';|, and consider the corresponding
boundary corner cutoffs ¢y, : 0Q — [0, 1] with

Ur(y) == x(Cy ' (a(y) — e))- (66)

Similarily, the corresponding small-scale boundary corner cutoffs on scales h? will
be denoted by ¥ : 9Q — [0, 1], where

Uh(ys h) == x(Coh™°(q(y) — cx)). (67)

It will also be useful to introduce notation for the sum of all corner cutoffs and so,
we introduce the cutoffs
N N
YY) =D dily), Py h) = viy.h). (68)

k=1 k=1
Thus, w,‘z : 0Q — [0,1] is a standard cutoff supported in an h®-neighbourhood of
the corner point ¢; and so, (1 — wg) is supported outside an h’-neighbourhood of the
corner point cg.
We continue to assume in the following that 0 < 2§ < 1. Then, by Taylor expansion
of the integral formula for the Green’s function in (61) it follows that

sup IN(q,q,h) — €971 a(q, ¢ )b(h g — ¢'])| = O(h™).  (69)
{(9,4");la—¢'|1Rh?%}

In (69), b and a are defined in (61) and (62) respectively and are, in particular,
piecewise-smooth on the off-diagonal set {(q,q’) € 9Q x 99Q,|q — ¢'| £ h*} up to
corner points in ¢ and ¢’.
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As a special case, it follows from (69) that with the corner cutoffs in (67) and for
all edge indices k, ¢ € {1,..., N},

sup (1 —¥9)(q, h) (N (g, ¢, h) — "7V ra(q, ¢ )o(h ™ g — ¢))) v (d', )]
(g,q") €% HQ

= O(h™), (70)
and similarily, when ¢ # k,

sup  |(1—vp)(g, h) (N (g, q, h) — el ra(q, ¢ )b(h g — ¢)) (1 — P (¢, h)|
(g,9")ET e X Ty,

= O(h™). (71)

We will use (70) and (71) in the next section where we h-microlocalize the jumps
equation (55) near the glancing set S*I';. Before doing this, we introduce some fre-
quency cutoffs to the glancing set S* 00 Specifically, for arbitarily small but fixed
€ > 0, let x; € CP(T*Ty) with 0 < x; < 1 and such that y;(¢) = 1 when
1—e€ < [§] <14 ¢ and x;(§) = 0 provided |1 — ||| > 2€p. The corresponsding
h-pseudodifferential cutoffs are x;(h) := Opp(x;) € \112(1“])

Note that since 2 is convex with non-trivial corners, given (¢,&) € supp x; C B*T;
the ray with basepoint ¢ € T'; and (co)-vector { intersects the adjacent side I'j
transversally. In addition, the ray intersects I'y at a distance < €p to the corner
¢k, k = j—1,7+1. More precisely, there exists a constant Co = C(a;) > 0 depending
only on the angle o such that with

(¢,¢)=8(q,€), (¢,€) €suppxy,

and for ¢y > 0 sufficiently small,
1€’y — 1] > Cs and |¢ — ¢;| < Cieg|q — ¢;] provided ||¢|q — 1| < eo. (72)

Note that in (72), the basepoint ¢ € I'; and so, ¢’ € T'y, where k=j—1ork=j+1
provided ¢ is chosen sufficiently small.

4.1. Proof of Theorem 2: The obtuse case.

Proof. In the following, when convenient, we will freely use the notation ui = uplr;,
for eigenfunction boundary traces along I';. To simplify the analysis slightly, we assume
in this section that the flat edge I'; intersects adjacent sides at obtuse angles o; > 7/2.
We observe that in such a case, near glancing rays to the flat edge I'; intersect an
adjacent side I'y, k = j — 1,7 + 1, transversally and, after an additional reflection,
under the admissiblity assumption in Definition 1 on the interior angles, intersects
the boundary 02 transversally and away from corners (see Figure 4). This is a key
observation in our analysis below. We first give the proof of Theorem 2 in the case
where all angles at corners ¢; and c;y; adjacent to the flat side I'; are obtuse (this
assumption allows for a technically somewhat simpler argument). Finally, we indicate
the fairly minor changes necessary for the proof in the general case in subsection 4.4.
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FIGURE 4. The setup for obtuse angles.

In the following, we fix 6 € (0,1/2). We will eventually estimate the near corner
mass H@b?uhH 2(r;) separately using the non-concentration estimate in Theorem 1. To

estimate ”(1—1/J?>uhHL2(F].), in view of (55) and (59), one can write with u{lk =1r,  un,

(1= ()l = (1 = )1, N(h) uf. (73)
k#j

Next, an application of the frequency cutoff operator x;(hD) : Coo(ﬁj) — Coo(fj)
to both sides of (73) gives

X;(hD)(1 = ¢ (h))uj, =Y x;(hD) (1 — ¢ (h))1r, N (h) uf + O(h™®).  (74)
k#j
As for the non-glancing mass, the small-scale Rellich commutator result in Lemma
5 shows that

I[L = x;(hD)] (1 = 3 (B))up [l 2(r,) = O(R°7%) = O(h™/470), (75)

Since I'; is assumed to be flat, we note that here x;(hD) is a tangential h-psdo
(see Definition 5.1) acting on the boundary components and consequently, the symbol
X;j(§) depends only on frequency coordinates in T*ﬁj.

The next step is to insert the small-scale corner cutoffs ¥2°(h) in (67) on the RHS

of (74). This gives

Xi(hD)(1 = 93 (h))ul, = NY(h)uy + NPy + O(h™). (76)
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where,
NY(h) =" x;(hD) (1 — 93(h))1r, N(h) (1 — ;7 (h))1r,
k#j

NP(h) = x;(hD) (1 = 5 (h)1r, N (h) 3 (h)1r,. (77)
k#j

In the following, refer to Njg(h) as the geometric part of the potential layer and
NjD(h) as the diffractive part. Consistent with this terminology, we can write

G,D ,_ G,D
N7 P(h) =) NG (h),
oy
where we will refer to Njgk, (resp. Nﬁc) as the geometric (resp. diffractive) transfer

operators.

Remark 9. We note that from (70) and (71) it follows that, modulo O(h*®)-error,
one can replace N(q,q’, h) with its WKB expansion in (63) in both the geometric (resp.
diffractive) operators N jg (resp. N. JD ) in (76). It then follows that the geometric part

Njg(h) L C™(9Q) — Coo(fj) is an h-FIO of order zero with a small-scale symbol in h.

4.1.1. Bounds for the geometric operators. In this section, we estimate the geometric
term || V. ]g up| r2(r,) by analyzing the geometric transfer operators Njgk, k # j appearing
the in the decomposition (76) in more detail. We begin with the following
Lemma 3. For sufficiently small choice of eg > 0 in the frequency cutoff x;(§) along
[';, there exist uniform constants C1 > 0 and Cy > 0 depending only on the domain €
such that when k € {j — 1,7 + 1},

W (NS.(h) C{(y,&4/¢) € BT x B*Ty; qly) — ¢j] = Cuk?,

la(y') — ¢j] < Cacola(y) — ¢, ||€]y — cos(m — ag)| < Cseo, |y — e < Caco}
(78)
Moreover, when k ¢ {j — 1,7 + 1},
W F N (h) = 0.

Proof. First, note that for the geometric transfer operators Njgk, in view of the corner

cutoffs (1 — ¢°) and (1 — ¢?9) appearing in the definition in (77), it follows that the
Schwartz kernel

supp S K. N5, C {(q,¢) € Ty x Tisla— | 2 1°}; K #5,
so that, modulo O¢e(h*)-errors, one can use the WKB type formula in (63) for
N(q,q',h). Let [0,¢;] > s — q(s) with ¢; = |T'j| be arclength parametrization of T';
and [0, f;] o t — q(t) be arclength parametrization of a boundary edge I'y, with k # j.
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Then, in terms of these parametrizations the geometric transfer operator Njgk(h) =
x;(hD)(1 — w?)lij(h)(l — ¢2)1r, has Schwartz kernel of the form

2ty 32 [ [ om0V €)1 = ) o W) ) (1 = 00, )
(79)

An application of stationary phase in (79) in the (s', £)-variable gives
N5 (st h) = (2mh) =120V A=) (5, h)e(s, £, h) (1=0) (¢ 1) +O(h*), (30)

where (see (65)),
la(s) — a()["*&(s, 1, h) € SP(1),

S 1/2 S C "
la(s) = () /*é(s. t.1) }jm( )

and with p(s,t) = %’

é(s,t,h) —c(s,t,h) xj(p(s,t)) € hSO(l),

N N2

supp ¢ C {(s,t); (p(s,1),dsq(s)) = 1+ O(eo)}.

Note that stationary phase in (s',&) does not involve differentiation of the small-
scale cutoffs (1— ¢§) and (1— %5), so there are no additional powers of h~ appearing

n (80). We note that the support condition (p(s,t),q'(s)) = 1+ O(ey) above on ¢
implies by convexity of €2 that

(t,s) € suppé = |q(t) — cx| = O(eo)|q(s) —ck|, k=j7—1,7+1
In particular, modulo O(hoo) error it is enough to take kK = j—1,5 41 in the sum (77).
Next, let x4 € C§° (B*T';,) along an adjacent side. Then, in view of (80),

NS (W)L (8, D) (s, ¥

2mim//mq AR s 1 R (1 — 020 (8, )Y (¢, ) dedy
+O(h™). (81)

We apply stationary phase in (81) in the (¢, n)-variables. Since there is a 2-microlocal
cutoff (1 — ¥2°)(t, h) that gets differentiated in the process, one must take some ad-
ditional care at this point. The formal expansion of the RHS in (81) is then of the
form

— (hD,D
(27Th) 1/2 z\q #)=qlt I/h( Z : S t, h)(l—wzd)(@ h)XII:cT(tvn)]|t:t’,7]:<p(t’,s),dt/>)

m=0

(82)
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We note that at most m derivatives in ¢ hit the cutoff (1—2) and each D; derivative
creates a factor of h=29 so that the error term in (82) at level m is O(h{!=29™) and
it is then standard to show that the asymptotic expansion is indeed legitimate (see
subsection 4.1.2 for a closely-related argument). It follows that

n= <p(t,, 8)7 dt/Q(t/»? <:0(t/7 8), dsQ(s» =1+ 0(60)' (83)

Since the edges I'; and I'y, intersect at angle oy, (83) implies that
1 = cos(m — ayg) + O(ep),

and that completes the proof of the lemma.

g

As a consequence of Lemma 3, by choosing €y > 0 sufficiently small in the support of
the frequency cutoff x;(£’), it is natural to introduce a corresponding frequency cutoff
X € C(B*T) supported transversally along the edge I'y. Specifically we choose
X4 € C*°(B*T}) such that

supp X C {(¢',n) € B*Ty;|n| = cos(m — ay) + O(eo)}-

In addition, let x¢, € C°(R) be a cutoff with 0 < x¢, < 1 and x¢,(u) = 1 for
lu| < eg with xe,(u) = 0 for |u| > 2¢p. Next, setting

g — ekl
Xig(dsm) == x4, 1) Xeo (m) (84)

we have, in view of Lemma 3,

1
NP (hyun = Y x;(g,hD) (1 = ¥ (g, ) 1r, N(h) X, (¢, m) (1 = 42 (¢', h) e, un
k=j—1
+O(h*). (85)
At this point, it is useful to introduce some additional transfer operators that are
closely related to Njgk and Nﬁ (see (77). Let Ny (h) : CO(T;) — C°(T'k) be the transfer
operator with Schwartz kernel

Nji(g,q' . 1) = x;(q, hD)(1 — ¥2)(q, k)N (q,¢, h); (q.q') € T x T (86)

We note that since the cutoff wi‘s(t) in the incoming t-variables is unaffected by
differentiation in the (s', £)-variables in the stationary phase argument in (79), it follows
that when (¢,¢') € I'; x T,

Nie(a,d'h) = x3(a, hD)(1 = ) (@, W)N (0 ¢+ ) xeo ('fq’_‘j}j') +O(h).  (87)
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The point behind (87) is that near-glancing rays to I'; intersect adjacent sides I'y, only
and do so transversally with |¢’ — ¢;| < €olq — cx|. However, since Njj(h) incorporates
both diffractive and geometric terms, the transversal cutoff XZ (¢,hD); k=7—1,j+1
cannot be added in (87) in contrast with the geometric transfer operators Njgk(h) in
Lemma 3.

In summary, we collect here for future reference the simple relation between the
various transfer operators:

N7 (h) = Njp(h)xi! (¢, hD) (1 = 47°) (h), (88)

NR(h) = Ny (Wi ().

Remark 10. Note that in (85), the sum on the RHS is only over the sides I'y; k =
j — 1,7+ 1 adjacent to the flat side T'; and x¥ (¢/,n) in (84) a uniformly transversal
frequency cutoffs along an adjacent side I'y, with supp x¥ C {(¢',n) € B§(Tx);|n —
cos(m — ag)| = O(ep)} and cos(m — ag) + O(ep) < 1 for ¢g > 0 small enough. The
heuristics here are quite simple: the formula in (85) is a consequence of the fact that,
due to the convexity of (2, the ray corresponding to § € supp x; sufficiently close to
glancing along I'; (i.e. with ey > 0 sufficiently small), necessarily hits only the sides
I'y;k=j—1,7+1 adjacent to the flat side I';. Moreover, all such near-glancing rays
to I'; hit the adjacent sides I'j_1 and I'; 1 at a distance é €o to a common corner and
reflect in a (uniformly in €y) transversal direction to the adjacent side roughly at angle
T — a, when €y > 0 is small (see Figure 4).

To summarize, from (76) and (85) we have shown that

(1= ¢9)x;(hD)u;

Jj+1
= > xi(q,hD) (1 = ¥5(g, M), N(h) xi! (¢, hD)) (1 = 42 (¢/, ) 1r,up,
k=j—1
+NP (h)uj + O(h*). (89)

Then, by choosing another transveral cutoff (; € C’go(é*Fk) with ¢x X!, and so
that supp ¢ C {(¢,n) € B§T'k; [n—cos(m—au)| = O(ep)}, the microlocal decomposition
in (89) can be written in terms of the transfer operators NNjj in (87) as follows:
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(1= 49)x; (hD)u;
J+1
= Y N5(h) Ir,up + NP (h)u; + O(h™)
k=j—1
j+1
= > Nu(h) Gl(d',hD)(1 = 4 (¢, ) un + NY (h)u; + O(h™). (90)
k=j—1

Remark 11. Setting 6 = 1/2 — 0 in (90), our aim here is to show that
11 = 95 (B)x; (hD)up || 2(r,) = O(h™/%) = O(h™/470). (91)

When p € Coo(fk) is supported away from corners, a standard Rellich commu-
tator argument (see Lemma 5) shows that with a transversal frequency cutoff (; €
Cgo(é*Fk), one has [|p(y)Ck(hDy)l z2(r,) = O(1). Unfortunately, since (1 — P (h) is
only supported outside an h?-neighbourhood of a corner, at present, we cannot rule
out blowup in h; indeed, from Lemma 5, at present the best bound we can get near
corners is of the form ||(1 — za)Ck(hDy>UhHL2(Fk) = O(h~%/2) = O(h=1/479). Unfor-
tunately, as we show in section 4.2 the transfer operators N;i(h) are singular h-FIO’s
associated with one-sided folds and with small-scale (in h) symbols. As a result, they
are not bounded in L?. We show in section 4.2 that ||Njx(h)|2_z2 = O(R~Y/470).
Consequently, the naive estimate for the geometric term in (90) is

INF (R)unll2(r,) = OWIINk (W)l 222 1166’ hD)(L = 7% (d's k) ryunl 2oy

= O(h’l/%o).
This is just the Sobolev bound and is too crude to be useful.

To deal with this problem, we use the jumps equation up, = N(h)uy, in the geometric
term on the RHS of (90) yet again to reflect near-glancing rays to I'; hitting I'y, away
from the corners along the adjacent edge I'y (see Figure 4). The point is that by
choosing ¢y > 0 sufficiently small, under the admissibility assumption on the corner
angles, these reflected rays have the property that they next intersect the boundary 92
transversally in the interior of the boundary away from a fized (in h) neighbourhood
of the corners. The latter (transversal) L? mass is then shown to be O(1) by Lemma
5. We now carry out the details of this additional step.

Inserting the jumps equation u‘zg =N (h)u‘ZQ yet again in the first (geometric) term
on the RHS of (90) gives

Xi(hD)(1 = y3(h)ul, = Y NF(h)uf + NP (h)uf® + O(h™)
k=j—1,j+1

= > Nj(h)N(h) up + O(INP (h)up?| 12) + O(h%). (92)
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The diffractive term || N ]D uj|| is easier to estimate, so we defer this to section 4.2.1.
We first address the problem of bounding the geometric term. As we have already
indicated earlier, the main point behind using the jumps equation N (h)u, = uy yet
again in (92) is that near-glancing rays to the flat edge I'; intersect near corners
(and Rellich estimates in h%-nbds of corners are quite delicate). To avoid this issue,
by inserting the jumps equation yet again (and using admissibility assumption), one
essentially reflects away these rays to the interior of the boundary 02 far from any
corners. The latter can then estimated by the standard Rellich argument in Lemma 5
(see also Figure 4).

Next, we split up the RHS of (92) by inserting additional cutoffs ¢2%(h) in (92)
where % = >k 1/7%5 with 1[),%5 € ¥ is supported in the union of h? /2-radius balls
centered at each of the corners and QN" € C“(E*Fk) with @, 5 (. We continue to choose
this frequency cutoff so that supp (, C {(q,7) € BiTk; |n — cos(m — ax)| = O(eo)}-
At this point, the admissibility assumption in Defintion 1 will play a crucial role to
ensure that rays reflected in the adjacent edge I'y intersect 0€) away from corners.

From (92), we can write

Ixj (RD) (1 = 93 (h))unl| 2r)

J+1
< D NGz (HCk(hD) (1= (1)) 1, N(h) (1 = 9% (h))unll2(ry,)
k=j—1
+ 1G(AD) (1 = G2(0) Tr, N(R) 62 (Runllp2qr,) )
+O(IN7 (h)unl|2) + O(h*). (93)
In (93) and below, we write ||N;jr(h)| := || Njk(h)|/ 122 We now estimate each of

the two geometric terms on the RHS of (93) separately and then bound || N jD (h)up||
separately in section 4.2.1.

To bound the terms on the RHS of (93) it is convenient to introduce some notation
at this point. We set

Q1(h) := Gr(hD) (1 — ¥ (h))N (h)(1 — > (h)),
Q2(h) == Ge(hD) (1 — 42 (h))N (h)* (k). (94)

Next, we further decompose the operators Q1 2(h) into near-diagonal and off-diagonal
terms as follows: Let xar € C5°(R?), 0 < x <1 with ya(z) = 1 when |z| < §; and
xm(z) =0 for |z| > . Here, we choose M > 0 large enough so that |q(y) — ¢(y)| <
ﬁh% and (y,y') ¢ supp¥¥ x supp ¥? implies that (¢, ¢') € Ty x Ty (i.e. both points
lie along the same edge, I';.) We then decompose the operators Q1 2(h) by writing

Qi(h) =@ () +QP(h): j=1.2
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such that
P (h) = G(hD)NP (), j =12,
where
NGyl h) = [(1= 2 )N = 52 ()] (2,9') - xar (™ (a(2) — a(y)), (95)
NPy k) = (1= 2 )N R = 52 ()| (2,9/) - (1 = xan) (72 (a(2) = a(y))).
Similarly,
P (h) = GMDN () j=1,2,

where
Ny (2, h) = |(1 = 0B ()N () (8)] (2. 9) - xar (2 (a(2) = a(y));

NP (2 g, ) = [(L= 0B ()IN(R)EP ()| (2,9 - (1= xan) (™2 (a(2) = a(y))). (96)
We note here that by choosing M > 1,

NP (z, 9/ h) =0 (97)
)

and so, without loss of generality it suffices to consider only the N2(2 -term when

considering Q2(h).

4.1.2. Estimating ||Q1(h)up||. ng)-term: We start with analysis of the QgQ)—term.
Since in this case, |g(z) — q(y)| Z h? for (2,3') € supp ng)(‘, -), modulo O¢ee (h™°)-
error, it follows from (63) and Lemma 3 that in terms of parametrizing coordinates

with ¢ = q(2) € T, ¢ = q(¥/') € 0Q,p(2,¥) = % and with

0 = {(2,9): (d:q(2),p(2,9/)) = cos(m —ar) + O(e0), la(z) —c;| = Oleo)la(y') —cx| },
(98)
We claim that for ¢y > 0 sufficiently small,

inf z) — " > Cley) > 0. 99
{(q(2),q(v")) €Tk x0D; (2,y") €O} l9(z) = 4l = Cleo) (99)

To prove (99), we note that when we fix ¢(z) = ¢, a corner point adjacent to the flat
side I';, and ¢(y') € 09 is the boundary intersection of a formally reflected tangential
ray along I';, the estimate in (99) follows by convexity of {2 and the admissiblity
assumption (see also Figure 4). For €y > 0 small, (99) then follows for general (z,y') €
© by continuity of the billiard map since we reflect near-glancing rays along I'; in the
adjacent side I'y, near the corner.

Thus, with ¢(y) € T, q(z) € Ty and ¢(y/) € 99, we have
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QP (5, 1) (100)
= (2mh)~> /]R /ag e!l=28"Ha) =W/ ¢ (y ¢ xo(2,1/) ez, y/s h)

x (1=4)(z,h) (1=9%)(y' h) (1= xam(h™*(ja(2) — a(y/])) dzd€’ + O(h™).

n (100), the cutoff xo € C*°(T'y x 9) with 0 < xe < 1 such that yo(z,¥') =1 in
a Cep-width tubular neighbourhood of the manifold © in (98) with C' > 0 sufficiently
large and xo(z,y’) = 0 outside a 2Cey-width tubular neighbourhood.

From now on, we choosgz the arclength parametrization of the boundary so that
|dyq(y)| = 1 for all y € 0N2. Here, we recall from (65) that the symbol ¢ in (100)
satisfies the estimates |g(z) — q(y’)|1/28gy,c(z, Y, h) = Oa(lq(2) — q(y')]~1*) and note
that for the phase function

00t €) = (0= € +la(e) ) dud = (dae), M1
9(z)=q(y’)

Consequently, d,¢ = 0 if and only if &' = (d,q(z), m) = (d,q(2), p(v/, 2)).
It follows from (99) that with €y > 0 sufficiently small,

> —¢. (101)

min  [g(y') —q(z)| > C1 > 0. (102)

(y',2)Esupp xo
We also note that for ¢y > 0 sufficiently small and with C denoting the corner set,
under the admissibility assumption in Definitiion 1 and for ¢y > 0 sufficiently small,

we claim that there exist a constant C' > 0 (uniform in €p) such that for the cutoff xg
n (100), one also has

min  dist (¢(y'),C) > Cs > 0. (103)
(z,y")Esupp xo

To prove (103), we note that since the billiard map 5 : B*0Q) — B*9f) is piecewise
C*°, in view of the admissibility assumption, it follows that 7(3(z,&)) C 0% provided
lq(z) — ¢j| = O(ep) and |’ — cos(m — ay)| = O(ep) with €9 > 0 sufficiently small. Thus,
(103) follows from the definition of © in (98) again, by choosing ¢y > 0 sufficiently
small, since dist(supp xe, ©) < Ceg. Since d,¢ = & — (d.q(2),p(y/, 2)), in view of

(102) and (103) it then follows by repeated integrations by parts in z that,

QY v h) (104)
(2mh) /21 / / (=20 +Ha@~a0h ¢ (. €) vo (2.47) ez, s h)
o0
x (1—9P)(z, — )W, h) (1—xm((ja(2) — a(y)])) dzd€’ + O(R™).

The point here is that in view of (102) and (103), ¢(y') € int 9Q with dist (¢(v'),C) £
1 and also |¢(y') — ¢(2)| £ 1. Thus, the small-scale cutoff

1 —92)(y',h) (1= xm(h2(q(z) — a¥)])))
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gets replaced with 3
=)y h) (1= xar(la(z) = a(¥)))
which is clearly in S°(1) (in fact, it is independent of h.).
It will be useful in the following to separate-out the standard S°(1)-part of the
amplitude in (104) and define

creg(2,y/, 1) = xo(z,y) e(z,y'sh) (1 =)y, h) (1= xar((la(2) = a)])  (105)
where clearly c¢,e, € S°(1). Thus, we simply rewrite (104) in the form

QP (y, v, h) = (2rh) 121 / / =2 HaE =W/ ¢, (4 €) e (2145 )
R JOQ
x (1 —92°)(z,h)dzde + O(h>). (106)
In (106) we note that (hD,)?(1 — ¥2%)(z,h) = O(hIPI€) since 26 = 1 — ¢ and also
(hD.)Pe(z,y', h) = la(2) —q(y")| 72 O(Rl|g(2) —q(y)|7l) = O(h=)O(RIPI€) since

lg(2) — q(¢')| & h'~¢ for (z,%') in the support of the amplitude in the integral (106).
Thus, by Leibniz rule,

(th)B( (1 — wQ(S)(Z, h) creg(z, y', h) ) = Oﬁ(h—1+€'+|5|e’)‘

We also note that by convexity, cos o, < 1, and so, for ¢y > 0 sufficiently small (but
independent of h), the transversality conditions

<1

max((p(z./).dy a0} (p(2.1/). d-0()) € i
9(2)=q(y")

also follows from (98) and convexity of €, where we recall that p(z,y’) = FOE TR

To summarize, it follows that for ¢y > 0 sufficiently small, there exist constants
C; > 0;j =1,2,3,4 uniform in ¢y such that the cutoff xg in (100) satisfies

1
supp xe C {(2,4/); max ({p(=,9), dya(¥). (p(=2,9/), d=4(2))) < & <1,
|a(2) = ¢j] < Caeo, la(2) —a(y)] = Cs >0, dist(q(y),C) > Cs > 0}, (107)
where in (107) we recall that (q(z),q(y') € Ty x 0.

The next step is to apply stationary phase in (106) in (z,£’) taking into account the
support properties of xyo (and consequently ¢,¢4) in (107). Given the phase function

oz, u,y") = (y — 2)€ +a(2) — q()],

the critical point equations are

d. = _5/ + <p(z7y/)7dZQ(Z)> =0 = &l = <p(z,y/),dZQ(Z)>,
dep=y—2=0 <= z=y.
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The only slight subtlety here is the presence of the corner cutoff 1 — 10,%5 € S9s(1)
which is supported outside an h2°-neighbourhood of the corner ¢;. This cutoff is 2-
microlocal since 2§ =1 —0 > 1/2. However, this term only depends on the z-variables
and so, in particular,

(hD-Der ) (1= 62)(25 1) creg 2,5/, h) ) = O(RO21), (108)

Since 20 < 1, one can legitimately apply stationary phase in (106); indeed, setting
Az, &5y, h) = X(y,€) x0(2,Y) creg (2,43 h) (1 = ¢30)(2,h) ¥* (¢, h), the remainder
term of order N is

tyN

ta- — N~
Ry(y,y'h) < hN/O (7||(DZD§’)NCHL1 dt < Cyh™||(D=De)Vel| s

N
Thus, since ¢ € C§°, it follows that

(B (y,y' h)| < O™ max | DS (D:Dgr) Vel 1= = O (h™#V4) (109)

The last estimate in (109) follows from Leibniz rule, (108) and the fact that at most
(N + 2) derivatives in z hit the singular symbol (1 — 195)(z, h). Thus, if follows from
(109) that by choosing N > 1 sufficiently large, one can apply stationary phase to the

O(h*>)-error in (106). The result is that the Schwartz kernel of ng)(h) can be written
in the form:

@ (y,o/, h) = (2h) V2= g (B dyeg(y, ', B) (1= ) ()
+0(h™®)  (110)

where, (¢(y),q(y')) € T x 09, dreg € S°(1). The symbol dg;ng is 2-microlocal with

9 dsing(y, h) = O(h=2el),

Moreover, again in view of (107), the ray p(y,y’) = aw)=alv).

— la(y)—a(y)l
the boundary at both endpoints ¢(y) € I'y and ¢(y') € 9Q. Thus, there exists Cy > 1
with

is then transversal to

Supp dreg C {(y,y'); (a(v),q(y)) € Ty, x 9,

max (|(dyq(y'), p(y, ¥ ), {dya(y), p(y,y'))|) < éo la(y) —a(¥')| > 01}- (111)

Setting S(y,v') := |q(y) — q(v')], it follows by direct computation that

1

%0y W) = Ty el

[(dyq(y), dyq(y') — (dya(y'), p(y,y")) p(y,9))]
1
~ Jaly) —a@)

where p is unit vector orthogonal to p. Thus, from (111) and using the fact that
lp(y,y")| = 1 and © is convex,

(dya(y), oy, y)) - (dya(y)), p™(y,3)), (112)
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10,0, S(y,y)| > C3 >0, (y,y) € supp dyeg. (113)

Thus, Q?)(h) has a canonical relation that is a graph and so, by h-Egorov, P;(h) :=
Q§2)(h)*Q§2)(h) : C°°(02) — C°°(99) is an h-psdo. Indeed, from (110) and (113), by
a standard Kuranishi change of variables, it follows that the Schwartz kernel of the
h-psdo Py(h) := Q?)(h)*Q?)(h) is modulo O(h*°) of the form

Piy.y" h) = (2rh)~! / WY py (o mih) (L= 9(y))* F(2(ym), h) iy, (114)
R

In (114), p1 € §°(09) with supp p1 C {(v/,n) € B*d%[nl, < 1/C1 < 1, |q(y/) —
C| > C4 > 0} due the transversal support properties of d in (110). Also, we note that
again by taking ¢y > 0 small, the near glancing rays in the support of x; reflect off I',
and intersect the interior of a single edge, say I'y. Thus, in (114) we can assume that
(a(y),q(y')) € Ty for some fixed £ € {1,..., N}.

Since

1@ (Wunl3 = (Pr(hyun, un)r, + O(h™), (115)

one is reduced to estimating the h-psdo matrix elements on the RHS of (115).

The second part of the symbol, f(z(y’,n), h), in (114) is somewhat more subtle since
it is in a suitable semiclassical 2-microlocal class. Here, z(y,n’) € Ty, where

2(y.n') = 7By, 1), (y,n') € B5(Te).
To describe this symbol in more detail, consider the curve

Hy:={(y',n) € B'Te:2(y',m) =0, (y',n) € suppp1},

consisting of covectors in B*I'y which result from near-glancing rays to I'; reflecting
near the corner ¢ in the adjacent edge I'y, and then hitting the interior of I'y. The
fact that H, is C* follows by the implicit function theorem since 0yz(y',n) # 0 for
(v',m) € Hy from (113).

Let \I/%,Z’2 s denotes the space of zeroth-order 2-microlocal h-psdos associated with
the hypersurface (i.e. curve) H; C B*T", as in ([CHT15] section 2). In the formula in
(114), one readily verifies that f € S%b%(l“g), so that

Pi(h) € W, 55(T0).
Moreover, it is readily checked that

FGWm),h) =1 —$2)2(2(y,n), h) + Os(h' ).

To summarize, setting

fsing@'sn h) == p1(W,m; B) (1= (y))* f(2(4/,n),h) € S, 25(T0), (116)
we have shown that

Pl(h) = Oph(fsing) + O(hoo)L2_>L2. (117)
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Moreover, recall that the symbol p; (v, ) has transversal support away from corners
with supp p1 C {(y',n) € B*0Q;[nly < 1/Cs(e0) < 1, [q(y') — C| = Ceo}. So, from
(116),

Supp fsing C {(v/,n) € B*Q; |nl,y < 1/Cs(e0) < 1, |q(y/) — C| > Ceo}.

Then, we introduce an additional cutoff x,q € CG°(B*I'y), 0 < Xyeq < 1, satisfying
(i):

SUpp Xreg C {(y/1) € B*0|nly < 1/Cs(e0) < 1, la(y') — C| > 2Cep}; Cs < Cs,
(118)

and
(ii):
Xreg(,n') =1, (y,1') € sSupp fsing- (119)

Thus, from (ii), Xreg fsing = fsing With Xreg € SY(1) in a standard symbol class
satisfying the transversal support conditions in (118). Then, by h-psdo calculus (see
[CHT15] subsection 2.2.2), since Pi(h) = Opp(fsing), we have

(Pr(h)un, un)r, = (P1(h)Xreg(h)th, Xreg(h)tin)r, + O(R™)
= O(1) | xreg(h)unll72,

by L?-boundedness of P;(h) = Opy,(bsing). Finally, since the symbol x4 is supported
transversally to the boundary edge I'y and outside an h-independent neighbourhood
of the corners, by the Rellich result in Lemma 5,

[Xreg(R)unllog = O(1).

Consequently,

(Pr(h)up, un)r2(r,) = O(1), (120)
and in view of (115),

1@ (W)unllon = O(1). (121)
gl)—term. As for the near-diagonal le)(h)—term, since |q(y)—q(y')| S h? for (y,y') €

supp Q(ll)(-, -), one cannot simply use the asymptotic formula for the kernel in (63).
Instead, we use the exact Hankel function formula (53) together with a Schur lemma
argument to control this term. By L?-boundedness,

1S (h)unll L2 = IGe(AD)N (R)unll 2 = O IN (B)un]| 2 (122)

and so, it suffices to bound HNI(I)(h)uhHLz from above.
From the explicit formulas (53) and (54) it follows that for (¢,q’) € Ty x T,

h v, p(q,q)) = O(lg — ¢'|h 7). (123)



RESTRICTION BOUNDS FOR NEUMANN EIGENFUNCTIONS OF PLANAR DOMAINS 51

Note that in (123) both g and ¢’ are constrained to the same boundary edge Ty, so
there is no jump in the boundary normal resulting in the improved estimate in (123).
From the explicit formulas (54), (53) and (123), by setting z = |¢ — ¢'|/h, we have (see

(95) for definition of Nl(l)),

Nl < 2| [T e = Sy s | b P g =)
0

<C (/ e™5s12 (s 4 22)1/2 ds) xu(h2(q—q))
0
< C/(l + h—1/2’q . q'\l/Q)XM(h_%(q o q/>) é h—OXM(h—Qé(q _ q/)). (124>

Here, the last line follows since 20 = 1 — 0. From (124) we get that by the Schur
lemma,

N B2 < e ([ N, hlda, [ N (a4, 1)ldd)
lg—q'|Sh* =0 lg—q'|Sh*~°

= O(h*7Y). (125)

Since by Sobolev restriction, ||up|laq = O(h~Y?), it follows from (125) and (122)
that

1Y (hyunlloq = O(hV/270). (126)
Thus, from (121) and (126),

1Q1(P)unllL2(00) = O(1). (127)

4.1.3. Estimating ||Q2(h)up||. We begin by recalling from (97) that the Schwartz kernel
Nél)(q,q’, h) = 0 and so, there is no le)(h) term.
Qg)-term: We claim this term is O(h*°) and is therefore residual. The argument is
a rather standard wave front computation using the fact that under the admissibility
assumption and for €y > 0 small, all reflected rays leaving I'y, hit a boundary edge 'y
in the interior and far from corners.

Let ¥e, = > 1 V.o, Where the 1y, o, is a corner cutoff (independent of h) supported

in an ep-neighbourhood of ¢. Since |¢ — ¢| Z h?, one can replace N2(2)(h) with the
h-FIO piece, Ng(h). The result is that

PV (h) = Ce(hD) (1 — ¥ (h))1r, Ng(h)d? (h) + Ocee (h)
= Ce(hD) (1 = 97° (h))1p, Np(h) 9 (h) + Ocee (h), (128)

where in the last line we have used that since ¥,  ¥?°(h), clearly (1—1p¢, )% (h) = 0.
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By h-psdo calculus, it then follows that with CNk S (k,

Ce(RD)(1 — ¥3°) (R)1r, Na(h)e, ™ (h)
= G(hD)(1 — ¥°) (1)) Gk (hD)1r, Na(h) e, (h) + O(h™).

Then, by L?-boundedness,

IG(RD) (1 = U°) ()G (RD)Lr, Na(R)Y % (h)un |,
= O() |Gk (AD)1r, No(h)deo 2512 [0 (R)un|lr. (129)

Then, by h-wavefront calculus,
W} (G(hD)1r, No(h)de, ) © {4/ €33.€) € B*0Q x BT,

IQ(y) - Ck‘ < €0, Z ’CJ(?/) - Cﬁ’ < €0, (ylvé./) = ﬁ<y7£)7 ’f - COS(T( - Ckk)’ < C/GO}(130>
¢

By continuity of the billiard map g8 : B*0) — B*0f2, under the admissibility as-
sumption in Defintion 1, it follows that for ¢y > 0 sufficiently small in (130), when
lq(y) — ck| < €0, one has that ming—y s |q(y') — ¢¢| > Co > 0 for all corner indices ¢
in (130) and where Cy > 0 can be chosen independent of €y > 0. Consequently,

WFF/L (Ek(% hD)]-FkNB(h)@Zm) =0. (131)
Thus, from (128)-(131) it follows that
[Q2(h)unllon = O(h™). (132)

To summarize, in view of (132), (127) and (93), we have proved that

J+1
I (D)L = (R)unll oy £ D ING(R)zasze (1+ OUWE (R)uel)))
k=j—1
HINP () e,y + O(h). (133)

From the non-concentration result in Theorem 1, for any corner ¢; € C,

168l 5cy 20y = O(R°)
and by an application of Sobolev restriction, it follows that by setting 6 = 1/2 — 0,

12 (h)url| 2(r,) = O(h*1/?) = O(A™").
Then, from (133),
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I (hD)(1 = 45 (1) yunl| z2r)
1
Sh70 D NS (MW l2sre + INP (R)unllz2r,) + O(). (134)
k=j—1

Recall, that given the transfer operator Nj;(h) in (87), one can write (see (88)),

N3.(h) = Nje(W)x{ (', hD)(1 = ¢2°)(h), Njp(h) = Njx(h)yi (h).
Since N]D(h) = D ko141 Nﬁc(h), in view of (134), one is reduced to bounding
| Nji(h)||L2— 2 for the transfer operator Nj(h) : COO(FOJ-) — C(T'},) in (86).

4.1.4. Estimating ||Nji(h)|/12_, 2. Before deriving upper bounds for ||N;x(h)| r2_ 12,
we review some background on h-Fourier integral operators with fold-type canonical
relations.

4.2. h-Fourier integral operators associated with one-sided folds. We consider
here the transfer operators N;x(h) : CO(T;) = C%(Tx); k = j —1,j + 1 with Schwartz
kernel given in (86).

We briefly pause here to motivate the O(h~/4=%)-bound in Theorem 2 by making
explicit the connection to the standard L? — L? bounds for h-Fourier integral operators
with canonical relations that are one-sided folds. The novelty here lies in the extension
of the estimates up to corners.

To begin, set S(s,t) := |q(s) — q(t)| and consider the singular set

Y :={(q(s),q(t)) €Tj xT'y; s €supp (1 — w?); 050,5(s,t) = 0}. (135)
The set ¥ is the singular locus of the Lagrangian parametrization

U(s,) = (q(s), D55 (s, 1), 4(t), 05 (s, 1)) € Ag N (suppysy), (136)
in the sense that, by an application of the inverse function theorem, for (s,t) € %€,
t|se is a canonical graph. Then, for arbitrarily small (but fixed) ¢ > 0 we let xy €
C5°(T'j xI'y) be supported in an 2e-width tubular neighbourhood of ¥ with xyx =1 in
an e-width tubular neighbourhood. Let N ﬁ(h) (resp. N jlk_ *(h)) be the operators with
Schwartz kernels xsNVji(h) (resp. (1 — xs)N;jk(h).) Then, by the h-Egorov theorem,

Nji = (h)* Nji ¥ (h) € Opn(S3(I't)-
Thus, by L?-boundedness,
1N (B[22 = O(L). (137)

A stationary phase argument as in subsection 4.1.2 shows that the transfer operator
Nji(h) : C*°(T) = C*°(I'j) has a Schwartz kernel of the form

N3.(h)(s,t) = (2mh) 2SO (1) (s1h) ey, (s, h) xs(s,1), (a(s),q(t)) € Fffgg’;
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Moreover, in (138), the symbol ¢y, (s,, k) has the following properties:
():
lg(s) — q(t)]l/2 “ey, (s, h) € 52(1)
and
(ii):
supp ¢y; C {(s,1);1q(t) — ¢;| < Ceolq(s) — ¢,
(deq(t), p(s,t)) = cos(m — ag) + O(en) < 1)}, (139)
t

where we continue to write p(s,t) = %. In view of (137), we have that

1N (M) L2 12 = ING (B[ 12 12 + O(1)
and one is consequently reduced to estimating ||V Jzk(h)H 12512, with Schwartz kernel
N3 (h)(s,t) in (138).

Lemma 4. Let cj41 = I'; N T'j11 be the corner adjacent to the boundary edges I';
and I'j11. Then, by choosing the glancing cutoff aperature eg > 0 sufficiently small,
it follows that there exist constants Ci(ey) > 0 and Ca(en) > 0 such that for any
h € (0, ho(eo)] sufficiently small and (s,t) € supp (cy; - Xs),

o o)1) sl la(s) ¢

) —qop = 959808, t)] < Caleo) la(t) — ¢;llals) — ¢

la(s) —a(®))>

Proof. By an affine change of Euclidean coordinates, it suffices to assume that ¢; =
(1,0) and
[ ={(5,0); s€ supp (1 — ¢} C{(s5,0); 0<s <1—C1h’}.
Then,

D1 = {(t, f(t));t € supp o } = {(t, f(1));1 <t <1+ Creg},
where with some « > 0, the profile function
fA) =at-1)+0(t-1/*, 1<t<1+ Cie.

In this case, the phase function is

S(s,t) = [(s — )* + f2 (1) /2.

20%(t—1)[1—s+O0(1 —t
Do < 2= L5400 1)
G5 = 02+ a2(1 — PP
Finally, by shrinking the glancing cutoff x;(hD) (i.e. taking ¢y > 0 sufficiently
small), one can assume that

(140)

|t — 1] < Cepll — |
and so,
1-s+0(1—-t)Z1—-s
in (140). This completes the proof of the Lemma.
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O

It will be useful in the following to use the parametrizations of I'; and I'y, given in
the proof of Lemma 4. For future reference, we note that since |1 —t| < Ceg|1 — s| for
(s,t) € suppcy ;» it follows that by choosing €y < 1 small, in terms of the parametrizing
coordinates in Lemma 4,

lq(s) —q(t)] = |1 —s|, (s,t) € suppcy;, (141)
and so, by Lemma 4 it follows that

1 -]
1= s>

|0s0:S(s,t)| =~ (s,t) € suppey;- (142)
In view of (142), since |1 —s| Z h® for s € (1 — 1/1?), in the following, it will be useful
to use the defining function
F(s,t):=t—1
to dyadically decompose suppyys in order to estimate ||V ]Zk(h)H 12512

Remark 12. From Lemma 4 it is immediate that the singular manifold
¥ ={(s,1),s € supp (1 — 1/1?)} = 8% (T Nsupp (1 — ¢?))
which is just the (positive) glancing set along I';. Repeating the computation in Lemma
4 with the corner c¢; adjacent to sides I'; and I';_1, it follows that the singular manifold
in the latter case is ¥’ = {(s,—1);s € supp¢§} = S*(I'; Nsupp (1 — w;-s), so that the
union ¥ U X = §*(T'; N supp w;?), the entire glancing set along I'; N suppwg.
It also follows by a direct computation using (140) that

020,S(s,t=1)=0, 0,07S(s,t=1)#0, s€supp(l—1)).

Thus, the Lagrangian parametrization ¢ : supp (1 —@ZJ;S) X supp Uy — Ag in (136) has
a one-sided fold singularity along the glancing set 3. The subtlety here is the presence
of small-scale cutoffs in A which will create some additional terms resulting in log h-loss
in the usual bounds.

To estimate ||V ﬁg(h)* - N ﬁ:(h) lr2_r2 we make the usual dyadic decomposition
around the singular hypersurface ¥ (see [Ph]), but since there are small-scale (in i) non-
standard symbols involved we will need to keep track of these terms in the estimates.
In view of (138), the Schwartz kernel of P(h) := Nﬁ(h)*Nﬁ(h) : C%Ty) — C(Ty) is
of the form

P(t,t' h) = (2rh) ™" / SN =S he (g ¢ ¢! ) ds, (143)
R

where (see (87)),

an (37 t, tlv h) = Cy (Sv t, h‘)CXj (87 tlv h)XE(Sv t)XE(Sa t/) |<1 - 1/}?)(37 h)‘27
and the symbols ¢y, (s,t,h) and ¢y, (s,t’, h) satisfy the bounds in (139)(i) with

la(s) = a(8)? la(s) = a(t')|/2&, (s, t,1', h) € SY(1). (144)



56 H. CHRISTIANSON AND J. TOTH

They also satisfy the support condition in (139)(ii). Moreover, in view of these
support conditions, by choosing €y > 0 small, it suffices to assume that |t — /| < 1 in
(143).

We apply a standard Kuranishi argument combined with a dyadic decomposition
of the frequency variables in (143). Let x5 € C§°(R;[0,1]), m = 0,1,2,... be a se-
quence of cutoffs with supp xi, C [£27™,£27™H] and ), X = 1. We make the
decomposition

P(t,t' h) = (2rh) "y / MSED=SEINRE, (58,4, h) Xon (t—1) X (' 1) ds+O(h™)
Setting
Po(t,#,h) = (2wh) / (MSED=SEONG (54,8 h) X (t — 1) Xm(t' — 1) ds, (145)

it then follows that H]\fﬁ(h)H%Q_”;2 = ||Pllr2o2 < >0 1Pz 2 and so, one is

reduced to bounding the latter.
By Taylor expansion of the phase in (145),

S(Sat) - S(Svt,) = 8tS(87t*(tat/73))(t - t,)a t'—1le Supp Xm,

we note that in view of the support of ¢ we have max(|t — 1|, [t' — 1]) < Cep < 1 and
so, by the corresponding Kuranishi change of variable s — 0;055(s,t*) = &,

— Y - mt_l)xm(t/_l)
Pt ) = (2 1/ i(t=t)¢/h 1,y Xl
(t.¢',h) = (2nh) " | e R TR YD

= (2rh)~! / =8/ ¢ (5,8, ) dE,
R
. Xm(t B 1) Xm(t/ B 1)

asﬁtS(s,t*) ’

where the last line in (146) follows from (141) and (142). In the integrand of (146) we
abuse notation slightly and write s = s(&,t,t') and t* = t*(s(&;t,t), ¢, t').
From (141), (142) and Lemma 4, ,

lem (s, 8,8 h)| 2 la(s) — a()™?la(s) — ()|~ ?la(s) — (")

XX (= Dxm (¢ = Da(t*) — ¢ 7 la(s) — ¢,

em(s, t, ' h) = é(s,t, ' h) (146)

We note here that q(t*) lies between ¢(t) and ¢(¢') and so, t* — 1 € supp Xy, Then,
using (141) and (142),

lem(s, L, R)| S s — 1P [s — 172 [t — 1 (= 1) S 2™ s — 1| S 2™ (147)
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Similarily, provided the dyadic scale 2™ < R, §=1 /2 — 0, for the derivatives one
gets that

1080 em(s(&t,8), . )| S Ca,g2™h 00D swhen 2™ < 10 (148)
An application of L?- boundedness for the h-psdo Py, ([Zw] section 4.5.1) then gives

HP’I’I’LHL2~>L2 é Z h|a‘/2 sup |aacm|
a<C(n)
S2m(1+ Z B/ 29my h7l(1/2*5))
1<y+9/<C(n)
s2m(1+ ) W) (149)
1<y<C(n)
since 0 <6 < 1/2.

The first term on the RHS of (149) comes from differentiaion of the dyadic cutoff
term X (t — 1)xm(t' — 1)(t* — 1)~ whereas the second term arises from differentiaion
of the symbol (t* — 1)¢ € S2(1).

Thus, from the last line of (149),

ING (W22 = [ Pm(W)f5", 12 S 273 when 2™ S h™°. (150)

21?2 =~

On the other hand, one can bound || P, (h)||r2_ 2 directly using (145) and (141).
From (139) we have that

|ch (87t)| = O(|S - 1|71/2)7
and so, by the Schur lemma,

1—h?
| Pa)llpz 2 S 071 / | / e (8, By, (5,8, )Xo (t = D)xm (& — 1)ds |
0

_po

< p1 M ds / < p—lo—m

S h ( Xm(t = 1D)xm(t' —1)dt L h™"27™|log h|.(151)
R\ Jo l—s

Using (150), (151) and taking square roots, we get that
ING (P pomspe <) min (272, B 12| log h|!/227™/2), (152)

We note that 2"/2h1/2|log h|~1/2 = 2-™/2 is equivalent to 2™ = h~/2|log h|'/? so
that 2™/2 = h=1/4|log h|'/*. Thus, from (152) it follows that

I Nk (1)l 2 2 = INZE(R)I| g2y 2 + O(L)
— O(h= Y4 log h|M/*) + O(1) = O(h~ 4| 1og h|V/4). (153)
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To obtain (153) for the dyadic scales 2™/2 < h~'/4|log h|'/* we use the h-psdo
bound (150) in (152), whereas for 2™/2 > h=/4|log h|*/, the volume bound in (151)
is optimal. Thus, from (153), it follows that

ING (W) z2sz2 = O [INGi (1) | 251 (154)
and so, from (134),

[x;(hD)(1 — ¢?(h))uh\|L2(rj) =O0(h™V/*0) + NP (R)unl| L2 (a0)- (155)

We are left with bounding the diffractive term on the RHS of (155).

4.2.1. Bounding the diffractive term ||NjD(h)uh||. Here, we simply use that from (88)
and (77),

INP (Ryunllz2ryy < D ING (B2 2 1R unll 2
k#j

Then, by non-concentration and Sobolev restriction we again get that with § =
1/2 — 0, the mass |[¥2uy|| = O(h~°) and so, in view of (153), it follows that

INP (R)un] 2 = O(h™1/470). (156)
Consequently, from (156) and (155), the end result is that
Ixj (AD)(1 = w3 (h))unl| 2(r ) = O(h~/*70). (157)
On the other hand, from the small-scale Rellich commutator result in Lemma 5,
1L = x;(hD)] (1 = 3 (h))up [l 2(r;) = O(A™*/) = O(h™/470). (158)
So, from (157) and (158), it follows that

11— 92 (h))u) |2 = O(h=/470). (159)

We are left with estimating mass near corners ; that 18,”1/);5(h)u51|| 12

4.3. Estimates near corners. Here, as in the diffractive case above, we use non-
concentration in Theorem 1 together with Sobolev restriction. Recall that from the
interior estimates centered at a corner ¢; € {2 in Theorem 1, we have that

6nll 2 (e, poy) = O(BY?) = O(BM*0), 6 =1/2 0. (160)

The bound in (160) combined with h-Sobolev estimates give
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FIGURE 5. The setup for acute angles.

lunll2(gerg—c;1<noy) = h_1/2H¢hHL2(B(Cj,h6)) < WD, (161)
Thus, it follows from (161) that
195 (R)unll2(r,) = O(h™/470). (162)

Consequently, in the obtuse case, Theorem 2 then follows from (159) and (162).
U

4.4. Proof of Theorem 2: the general case. Assume now that the angle a; €
(0,7/2]. The analysis here is very similar to the obtuse case, so we only indicate
here the relatively minor changes. The diffractive term HN})(h)uhH is estimated in
the same way as in section 4.2.1. The key difference here is that for the geometric
term ||N]g(h)uh||, one uses the iterated jumps equation uj, = N(h)?uy instead of just
up, = N(h)up, since near-glancing rays to the flat edge I'; get reflected twice. First,
they reflect in the adjacent edge I';, back to I'; and then reflect once more along the
initial flat edge I'; (see Figure 5). By a similar analysis to that in the obtuse case in
the previous section, one gets

X;(hD)(1 = 92 (h))1r,up
j+1
= > Nj(h) G(hD) (1 = 43 ()1, N(h)* up + O(|Nj(h)[| - 197 (B)us )
k=j—1
+O(h™). (163)
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. . : . ——20 ~ 26 :
Just as in the previous section we consider corner cutoffs ¥, € ¥ & w,%‘s with
~ —~25 -~ ~ 25 .
20 = ek P2 = > x ¥k and make the decomposition

(L= ¥R )N(h)? = (L= )N (R) [% + (1= ) N(B) [% + (1= ¢*)].  (164)

One substitutes (164) in (163) and each of the resulting 4 terms is bounded using the
same analysis as in subsection 4.1: near diagonal terms in the Schwartz kernels where
lg—¢'| S h* are bounded using Schur lemma. Off-diagonal terms with |¢—¢'| Z h% are
estimated using the h-FIO representation in (63) together with the stationary phase
argument in subsection 4.1.2. Just as in the obtuse case, the result is that
Jj+1
i (hD)(1 = 43 ()1 unllz = Oh™°) D~ INjk(R)]| 2o 2
k=j—1

The bounds || Njx(h)|| 12— 2 = O(h~ /4 log h|'/*) follow in the same way in the previ-
ous section (they do not depend on properties of the angle ;) and that completes the
proof of Theorem 2 in the general case. O

5. ESTIMATES FOR TRANSVERSAL MASS

We begin with some preliminaries on h-pseudodifferential operators along boundary
edges.

5.1. Pseudodifferential operators along boundary. Before giving the proof, we
begin with some background. Let 'y C 092 be a boundary face (edge) with corner
endpoints ¢ and cg1. The face I'y, extends smoothly to an open edge I'), Ty, and we
let (2/,zy) : Uy — R? be Fermi coordinates in a tubular neighbourhood Uy D I’} with
I, = {zn, = 0}. Let p € C5°(T,) be a cutoff with 0 < p <1 and p(z') =1 for 2’ € T},.

Definition 2. We say that P(h) € W (T'y) if P(h) : C3°(I'},) — C5°(T'}) is a properly-
supported h-psdo with Schwartz kernel of the form

P/ = @ri ™ [ € et
R

where a(z/,¢',h) € S™7°°(T*T'}). Similarily, when a € S5~ we write P(h) €

Wits (k).

We denote the induced boundary Laplacian on the edge I'y, by Ag where the latter
extends to a differential operator Ay : C§°(I") — Cg°(I'},).

In view of the Neumann boundary condition, at a corner point ¢, we have d,, ¢n(cx) =
Oy, On(ck) = 0. Since 0,, and 0,, , are linearly independent, it then follows that cj
is critical for ¢, so that

Opup(c) = 0. (165)

Without loss of generality assume that 2/(c;) = 0. Then, in view of (165) it is
clear that uj, locally extends (independent of h) to a function, v, on T’} that is even
with respect to the involution 2’ — —z’ and an analogous statement holds at the



RESTRICTION BOUNDS FOR NEUMANN EIGENFUNCTIONS OF PLANAR DOMAINS 61
other corner cj41. Since in addition v} (—z') = (—1)%v}(2') = vp(2’), it follows that
v, € Cﬁ)C(Fz). Denoting the corresponding extension by vy, we set

iy, :=p- vy € Ca(T)) N LATY).

Since the construction of vy, involves two even involutions (one at each corner), by
choosing I" sufficiently small, we can (and will) assume that

[anll 2y < 3llunllzzr,)-

In the proof of Theorem 2 (see (158)), we have used transversal eigenfunction mass
estimates h° close to corners. We collect the necessary results in the following:

Lemma 5. Let x;(hD) € W9(T;) be the h-psdo glancing cutoff defined in subsection
and w? € C°(T'y) be the spatial corner cutoff in (66). Then, for any 6 € [0,1/2), there
exists constants Cs(2) > 0 and hg > 0 such that for h € (0,hg] and any k=1,..., M,

(7 = xj(AD)) (1 = ) (', hyun|| 2(r,y < Cs(Q)h™2,

Proof. Choose Fermi coordinates (z/,z,) : €; — R? in a tubular neighbourhood U;
of F; D I'; as above and for any 0 € [0,1/2), we consider the test operator As(h) :
C§e(U;) — C3°(U;) given by

As(h) == x(h™°zy) - (1 = 95(a’, h)) hD,,.

Since

{ (zn,2') € supp x(h %) - (1 = ¢3(-,h) } N (02\T;) =0,
by the Rellich identity [CTZ],

7

([=h°A, As())dn, dn) 120y = (1 — ¥ (a’, h) (I + B2 Ar, uf, uf) r2ry)
+O(h ) [unlf,  (166)

S

provided 9, ¢p|sn = 0. In Fermi coordinates,
—h2A = (hDy)* + R(2, xp, hDy), R(2',0,hDy) = —h*Ar,

and R(x,hD,/) is an h-differential operator of order two acting tangentially to the
boundary.

As a result, one can write the commutator matrix elements on the LHS of (166) as
a sum:

L ({hD2)?. s ) + (1R (. hDer), As()]n. ) (167)
= L{[DR), X(h )] - (1~ e’ )A Do, 1)
£ ([R(e hD), (1= 6!, I)RD,)X(h ™) - G0 ) (168)

h
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Since hDpx(h~%z,) = h=%x'(h=%) € h=98Y, it follows that

%<[(th)27X(h_5xn)] ) (1 - ¢?($,7 h))th¢h, ¢h> = O(h_(s)

Moreover, we note that the symbol of [(hD,)2, x(h=%z,)] - (1 — 1/1?(3:’, h)) is supported

in the h® strip where || & h® and, in general, non-concentration is of no use in such
strips (only h° balls). As for the second term in the last line of (167), the non-standard
terms arise from hitting the cutoff (1 — 1/)35 (', h)) with D,s. Since

Dy (1 —43(a', b)) = =h~°0 (2, h) € h™° S}
and

supp 990 (5 R)p(h ™) C {(2/, a0); [2'] S B0, |2n| S RO}

So, by L?-boundedness,

ARG, WD), (10 INRDRIX (B0, 00) = O )0l sy = O(1),

where the final estimate follows by non-concentration (note that estimates on k° balls
are equivalent to estimates on ho-cubes). All other commutator terms are O(1) by
standard L? results. So, after absorbing the error term, it then follows from Theorem
1 that

(1= xj(h%2")) (I + B2 D) R* Ajup, up) 2,y = O(h™°). (169)
Running the same argument as above with the test operator

As(h) = (1 = x(h™°2"))xe(2n) (~h*Aj(a’, hD) D,

gives
(1= xj(R%2")) (I + B2 Aj)° Ajun, up) r2(r,) = O(h™°). (170)
Consequently, setting

P(a/,hD) = (1 = x;(h~%2"))(I + B*A;)% : C®(T;) = C=(T),
it follows by adding (169) and (170) that
(P(a/, hD)up, un) 2r,) = O(h™0). (171)
Let x € Cg°(I';) with X|r, = 1. Abusing notation somewhat, we extend P(h) as an
operator P(h) : C5°(T) — Cg°(T) so that P(h) € W) 5(T;). Let x4 € C®(R;[0,1])
with x4+ > 0 so that x4 (u) =0 for v <1/4 and x4+ (u) = 1 for u > 1/2. Consider the
h-psdo Q(h) € \I/?Z?é(Fj) given by

Q(h) := X P(h)x+(P)"x+(P) X.



RESTRICTION BOUNDS FOR NEUMANN EIGENFUNCTIONS OF PLANAR DOMAINS 63

We apply sharp Garding to the operator Q(h) in two ways: First, note that

o(Q) =ph+@)* 20, p@,&) =gl -1
and since p|x+(p)|* < p, sharp Garding and (171) gives

(XP(h)x+(P)"x+(P)X@, @)ry < (P(h)u, u)r, + O(h)||ul[f, = O(h™°). (172)

J

RA

Next, apply sharp Garding yet again using p > 1/4 on supp x+(p) to get

0o (P) x+ (P)xa, w5 (XP(h)x+(P) X+ (P)u, 4)ry + O(h)|Jull, = O(h™),
(173)
where the last bound in (173) follows from (172). Finally, note by non-negativity and
the bound in (172),

O (PY x4+ (P)u, u)r; < (XP(h)x+(P) x+(P)a, @) = O(h™°). (174)
Consequently from (174), by taking square roots,
(1 = x;(h~°2") - (I = X5 (hD))unl| 2(r,) = O(h™*/?) (175)
and that finishes the proof of Lemma 5. O
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