DISPERSIVE ESTIMATES FOR MANIFOLDS WITH ONE
TRAPPED ORBIT

HANS CHRISTIANSON

ABSTRACT. For a large class of complete, non-compact Riemannian manifolds,
(M, g), with boundary, we prove high energy resolvent estimates in the case
where there is one trapped hyperbolic geodesic. As an application, we have
the following local smoothing estimate for the Schrodinger propagator:
T it(Ag—V) 2 dt < C 2
/0 Hpse uOHH1/2*€(M) = T||u0||L2(M)’

where ps(x) € C>° (M) satisfies ps = (dist ¢(z,z0)) "%, s > %, and V € C>®(M),
0 <V < C satisfies [VV| < C (dist (x, 29)) ">~ for some § > 0. From the local
smoothing estimate, we deduce a family of Strichartz-type estimates, which
are used to prove two well-posedness results for the nonlinear Schrédinger
equation.

As a second application, we prove the following sub-exponential local energy
decay estimate for solutions to the wave equation when dim M =n > 3 is odd
and M is equal to R™ outside a compact set:

/ [¥d:ul? + [ Vul? de
M

_41/2
< e O (ulw, 0) 211 agy + I1Deu(@, e a) )

where ¢ € C*®° (M), ¢ = e~1e1? outside a compact set.

1. INTRODUCTION

In this note we show how the results of [Chrl, Chr2] on cutoff resolvent estimates
near closed hyperbolic orbits can be combined with the non-trapping resolvent
estimates in [CPV] to obtain resolvent bounds in the case of one trapped hyperbolic
orbit with a logarithmic loss. As applications, we prove local smoothing estimates
for solutions to the linear Schrodinger equation (Theorem 1) and local energy decay
estimates for solutions to the linear wave equation (Theorem 2). These theorems
have direct applications to the nonlinear Schrodinger and wave equations.

We prove the high-energy resolvent estimates for a much more general class of
manifolds, then specialize to the case of asymptotically Euclidean manifolds for the
applications. The class of manifolds we consider for the high-energy estimates are
the same as those studied (in the non-trapping case) in [CPV]. More precisely,
let (M,g) be a connected Riemannian manifold, M = X, U X, where X is a
compact, connected n-dimensional Riemannian manifold and X = [rg,+00) x S,
ro > 1, where S is a compact, connected (n — 1)-dimensional Riemannian manifold
without boundary. We assume 90X is compact and that X and X satisfy

0Xg=0MUOX, OMNIX = .
Key words and phrases. local smoothing, local energy decay, trapping geometry, semiclassical

resolvent.
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We assume the metric g|x, is a C* metric on X, and
glx =dr* +o(r),

where o(r) is a family of smooth Riemannian metrics on S depending smoothly on
r. In local coordinates, the metric o(r) takes the form

n—1

o(r) = Z gij(r,0)d6"de’

ij=1
and if we set X, = [r,+00) x S, we can identify 90X, ~ (S,o(r)). Thus with
b= (det g;;)% and (g%) = (gi;) ", we have
Aox, = —=b""> " 0s,(bg" de,),
(]
and
Ax = —b’lﬁT(bar) + ABXT-
As in the introduction of [CPV], a calculation shows
b2Axb™2 = 92 + A, +q(r,0),
with
A== 00,(9"0,),
4,J

and

ob\ > ob b .. 1
_ —2 —2 7 - —1
q(r,0) = (2b) (T%) + (2b) %j 20; 56,9 +5bAx (7).

We assume ¢(r,0) = q1(r,0) + g2(r,0), where
O q
@(r,0)] <C, |==| < Cr % for k> 1, and
Ork
.
¥ qa(r, 0)

<Cr K10 for |/ > 0,

ork’

for C,6 > 0. Observe this is satisfied for Euclidean space using a polar decompo-
sition outside of a ball of radius ro (where b = 7" ~1a(6)), and for asymptotically
Euclidean or conic manifolds. Define h € C*°([rg, +o0) x T*(0X,)) by

h(r,0,6) =Y g"(r,0)&¢;,
2%
and assume there is a constant C' > 0 such that for all (0,¢) € T*(0X,),
oh C

_E(T’ 955) > ?h(T, 975)

Let —A, be the Laplace-Beltrami operator acting on functions, with Dirichlet
boundary conditions if 9M # @), and suppose V € C*(M), 0 <V < C satisfies

(1.1) |VV| < C (dist (2, z0)) ' °

for some § > 0.
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The operator P := —A, + V(z) is an unbounded operator
P:H—MH,

where H = L?(M), with domain H?(M) or H?(M) N Hg(M) in the case OM # ().
In order to study the operator

P—-T

for 7 € C in some neighbourhood of R, we use the following semiclassical rescaling
for —Ay. For z € [E — 0, E + 6] + i(—coh, coh) write

z
T = ﬁ
Then
z
—Ag+V(@)—1 = —-Aj+V(z)-— 72
1

Now let P(h) = —h?A, + h*V(z) be the self-adjoint semiclassical Schrédinger
operator acting on H with Dirichlet boundary conditions if OM # @. Let p =
on(P(h)) be the semiclassical (Weyl) principal symbol of P(h) (see [EvZw, Theorem
D.3]). We assume the Hamiltonian flow of H, generates a single closed hyperbolic
orbit v in the energy level {p = E}, E > 0. The assumption that v be hyperbolic
means the linearization of the Poincaré map has no eigenvalues on the unit circle
(see [Chrl, Chr2] for definitions). Let w : T*M — M denote the natural projection,
and assume that the projected generalized geodesic 7(7) lies entirely within Uy &€
U € Xo. If n(y) intersects M, assume that the intersection is transversal. Assume
further that the geometry is non-trapping outside Uy. That is, for every compact
subset K € M \ Up, there is a time T(K) so that if n(¢) is a generalized geodesic
with n(0) € K, there is a time 0 < 7 < T'(K) such that n(+7) € (M \ Up) \ K.

1.1. The Main Results. The following theorem is our local smoothing result for
solutions to the linear Schrédinger equation, and is a generalization of the results
in [Bur2] and the references cited therein. The Schrodinger propagator eit(Bg=V(2))
is a unitary operator on L?(M), but this theorem says if we integrate in time, we
gain some regularity.

Theorem 1. Suppose (M, g) is a Riemannian manifold (with or without boundary)
which satisfies the above assumptions, v C M is a closed hyperbolic geodesic, and
—A, is the Laplace-Beltrami operator (with Dirichlet boundary conditions if OM #
0). Then for each € >0 and T > 0, there is a constant C' such that

T . 2
(12) /0 Hpsezmg—v(m))%HHW?E(M) dt < Clluol32(ary»

where ps € C°(M) satisfies

(1.3) ps(x) = (dy(z,20)) "

for xy fixred and x outside a compact set, and V € C*(M), 0 <V < C satisfies
(1.1).
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Remark 1.1. We will see that in some cases the weighted resolvent has no poles
on the real axis, and we can conclude the estimate (1.2) is global in time at the
expense of replacing ps with super-exponentially decreasing weights. That is, in
these cases we have

(1.4 | e, i< Clusln,

where ¢ = exp(—dist ,(z,x0)?) outside a compact set. This is the case, for example,
if g is an asymptotically Euclidean scattering metric, V' = 0, and 9M = @ (see [Mel,
Theorem 3, §10]). It is also the case if (M, g) is equal to R™ outside a compact set,
n > 2, and V satisfies (1.6) below (see [Vai, Theorem 8, Ch.9]). See Remarks 2.1
and 3.2.

As a second application, we study solutions to the linear wave equation on (M, g):

(1.5) (=D? — Ay + V(z))u(z,t) =0, (x,t) € M x [0,00)
' u(z,0) = ug € HY(M), Diu(z,0) =uy € L*(M),

where — A is the Dirichlet Laplace-Beltrami operator on functions and V' € C> (M)

satisfies

(1.6) exp(dist 4(z,29)*)V = o(1).
Let ¢ € C*°(M) satisfy
(1.7) ¥ = exp(—dist 4(x, 70)?)

for  outside a compact set and ¢ fixed. For u satisfying (1.5), we define the local
energy, Ey(t), to be

1
By(t) = 5 (IW0uleqan + éullf ) -

Theorem 2. Suppose (M, g) is equal to R™ outside a compact set, n = dim M > 3
is odd, and v C M s a hyperbolic trapped ray with no other trapping. Then for
each € > 0 and each

ug € CX(M)NHYW(M), and
up € CX(M)NH(M),
there is a constant C' > 0 such that
(18) By (t) < Ce"/ (Juolrreean) + lallfreqan)) -
Here the constant C' depends only on € > 0, g, n, ¥, and the support of ug and u;.

Remark 1.2. The estimate (1.8) holds whenever the resolvent admits a mero-
morphic extension to C with no poles in a complex neighbourhood of an interval
[-C, C] C R, which holds also, for example, if (M, g) is an exterior domain in R"
with n > 3 odd.

The problem of “local smoothing” estimates for the Schrodinger equation has a
long history. The sharpest results to date are those of Doi [Doi] and Burq [Bur2].
Doi proved if M is asymptotically Euclidean, then one has the estimate

T
i 2
(1.9) | 0o gyt < ol
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for ¢ € C°(M) if and only if there are no trapped sets. Burq’s paper showed if
there is trapping due to the presence of several convex obstacles in R" satisfying
certain assumptions, then one has the estimate (1.9) with the H'/2 norm replaced
by HY2=¢ for € > 0.

The estimates with the € > 0 loss in trapping geometries corresponds to a log-
arithmic loss in resolvent estimates for these geometries (see Theorem 3). With
more care, one could replace the € > 0 loss in derivative with a logarithmic loss in
derivative, which may help in certain applications. The proof of Theorem 3 uses a
semiclassical reduction to consider an operator of the form

P(h) —z = —h?A, — z,
with z € [E — 8, E + 8] + i(—coh, coh) for E,;6 > 0. It is shown in [Chrl, Chr2]

that for A € \I/?L’O(M ) with sufficiently small wavefront set near v C {p = E}, if
|Im z| < ¢yh/log(1/h), then

—1 h
(1.10) I(P(h) = 2)Aullsz 2 O orm s Aulle.

We will use the main results from [CPV] and propagation of singularities to extend
this to an estimate on M.

As an application of Theorem 1 and the non-trapping Strichartz estimates of
[HTW], we study the nonlinear Schrodinger equation

0w+ (Ag — V(x))u = F(u) on I x M;
(1.11) :
u(0, ) = uo(x),

where I C R is an interval containing 0 and V € C(M), V > 0. Here the
nonlinearity F' satisfies

F(u) = G'(|ul*)u,
and G : R — R is at least C® and satisfies
G (6)] < Ci(t)",

for some G > %

In §4 we prove a family of Strichartz-type estimates which will result in the
following local well-posedness proposition. (See §4 also for comments on optimality.)
For the statement of the proposition, let H1, (M) denote the domain of (1 — Ag)%
with Dirichlet boundary conditions if M # 0, so that H},(M) = Hj(M), and
write H, (M) for the domain of (1 — A,)*/? (with Dirichlet boundary conditions if

OM +0).
Proposition 1.3. Suppose (M, g) satisfies the above assumptions, V € C(M),
and in addition M is asymptotically conic (as defined in [HTW]). Then for each
n_o k.
2 max{28 - 2,2}
and each ug € H (M) there exists p > max{20 — 2,2} and 0 < T < 1 such that
(1.11) has a unique solution
(1.13) we O([=T,T); Hp(M)) 0 LP([=T, TT; L™ (M)).
Here k=1 if OM # 0 and k =2 if OM = (.

Moreover, the map uo(z) — u(t,z) € C([-T,T]; H},(M)) is Lipschitz continuous
on bounded sets of Hp(M), and if ||uo| ms, is bounded, T is bounded from below.

(1.12) s>
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If we have H! energy conservation, Proposition 1.3 implies u extends to a global
solution.

Corollary 1.4. Suppose (M, g) and V satisfy the assumptions of Proposition 1.5,
and assume n < 2. If G(r) — 400 as r — +oo then u in (1.13) extends to a
solution

w € (=00, 50); Hh (M)) N LP((~o0, 00); L*(M)).

IfoM = 0, n < 3, 8 < 3, and G(r) — 400 as r — —+o00, then the same
conclusion holds.

Remark 1.5. In particular, the cubic defocusing non-linear Schrodinger equation
is globally well-posed. Observe also that three spatial dimensions is the smallest
dimension in which the periodic orbit v can have a Poincaré map whose linearization
possesses complex eigenvalues.

Local energy decay for solutions to the linear wave equation has also enjoyed
a long history. Studied in non-trapping exterior domains by Morawetz [Mor],
Morawetz-Phillips [MoPh], and Morawetz-Ralston-Strauss [MRS], and generalized
by, for example Vodev [Vod], it is well-known (see [Ral]) that when there are trapped
rays, one cannot expect exponential decay of the energy with no loss in regularity.
Metcalfe-Sogge [MeSo2] have recently shown that if there are trapped hyperbolic
rays and sub-exponential energy decay with loss in derivative, then one has long-
time existence for certain classes of quasi-linear wave equations in R™. Theorem 2
says this always happens with one trapped hyperbolic orbit. Specifically, suppose
M =R"\U for U € R", —A is the Dirichlet Laplacian,

Q(z,w) € C®(C™ x C™)
satisfies
i) @ is linear in w,
ii) For each w, Q(-,w) is a symmetric quadratic form,

and consider the following initial value problem:
(—=D? — A)u = Q(Du, D*u) on M x [0, 0),
u(z,0) = ug, Dyu(x,0) = uy.
The following Proposition then follows directly from [MeSo2, Theorem 1.1] in di-
mension n = 3 and [MeSol, Theorem 1.1] in dimensions n > 5.

(1.14)

Proposition 1.6. Suppose (ug,u1) € (C®(R™\ U))?, n > 3 odd, satisfy the com-
patibility condition from [MeSo2, §1], and v C (R™ \ U) is a trapped hyperbolic
geodesic, with no other trapping. Assume further that if n = 3, the null condition
[MeSo2, (1.9), (1.10)] holds. Then there exist eg > 0 and N > 0 such that for every
€ < eg, if

> @ oguolle + D0 @) Ofualle < e
la]<N la|<N—1
then (1.14) has a unique solution u € C*([0,00) x R™\ U).
Acknowledgments. The author would like to thank Maciej Zworski for sug-

gesting the local smoothing problem, as well as providing much help and support
during the writing of this paper. He would also like to thank Jason Metcalfe for
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helpful comments and suggesting Proposition 1.6, Daniel Tataru for helpful dis-
cussions about optimality of Strichartz estimates, and Nicolas Burq for suggesting
Proposition 4.9. The bulk of this paper was written while the author was a graduate
student at UC-Berkeley, so he would like to thank the Mathematics Department
at UC-Berkeley for their support. Finally, he would like to thank the anonymous
referee whose many comments and suggestions helped improve the exposition.

2. RESOLVENT ESTIMATES
Let
(P—7)"'= (-2 +V(@)-7)""

be the classical resolvent. In this note we use the notation 7 for the unsquared
spectral parameter and A\? = 7 for the squared parameter. It will be convenient to
use the lower half-plane as the physical half-plane. The proof of Theorem 1 relies
on the weighted resolvent estimates of the following Theorem.

Theorem 3. Suppose (M, g) satisfies all of the assumptions above. Then for each
€ > 0 sufficiently small and each s > % there is a constant C > 0 such that

- log(2 + |7
(2'1) ||p5(P—(T:tle)) 1p5HH—»H SC%, 7€ R.

Remark 2.1. To prove (2.1) is uniform in € > 0, it suffices by Proposition 2.2 to
prove the uniformity for |7| < C for some C' > 0. This is the case if there are no
embedded eigenvalues in R. This happens, for example, if g is an asymptotically
Euclidean scattering metric and OM = (), or if (M, g) is equal to R™ outside a
compact set. In the latter case, for ¢ satisfying (1.7),

(2.2) (P = )"
continues meromorphically to
\e C, n odd,
(C\{0})", n even,

where (C\ {0})* is the logarithmic Riemann surface. If, in addition, V' (x) satisfies
(1.6), there is no pole at A = 0, and (2.1) is uniform in € > 0 (see [Vai, Theorem 8,
Ch. 9)).

The contours we will be using are pictured in Figures 1 and 2. For details on
the meromorphic continuation, see, for example, [Sj6].

To prove Theorem 3 in general, we observe

- c
lpo(P = (£ i€) " pullpe < -

Using this estimate for |7| < C, we need only show (2.1) for |7| large, which is
Corollary 2.3.

It is well known (see, for example, [BrPe]) that for R > 0 sufficiently large,
one can construct a metric § with no trapped geodesics so that g|x, = g|x,. Let
Xs € C®(M), supp xs C Xr+1, and xs(z) = dg(x,x0)® for fixed x¢ and x outside
a compact set. If A is the Laplace-Beltrami operator associated to g, we have

Ang = AOX57
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T A
T — 1€
T — 1€
Ficure 1. The FIGURE 2. The
. . . 1
curve 7 — i€ in the same curve in the z2
z € C plane. plane.

Proposition 2.3 and the Remark immediately following from [CPV] show if s >
1/2, and x € C*(M), x =1 on supp xs and supp x C Xg, then

(2.3) Ix-s(P(h) — B £ ie)xull 2ary = Chllxsull g an

for h > 0 sufficiently small. Here H} (M) is the semiclassical Sobolev space equipped
with the norm

lullzzy vy = lullZaqvy + 1BVl
We prove the presence of v forces a weaker estimate.

Proposition 2.2. Let (M, g) satisfy the above assumptions. For each ps € C*°(M)
satisfying (1.3) there exist constants C,ho > 0 such that for 0 < h < hg

(2.4) oo (P(h) — (B % ic) < Ch~'log(1/h),

uniformly in € > 0.

)71PSHH~>'H

We remark that an estimate similar to (1.10) was obtained in [BuZw| under some
more assumptions, and in that work the authors implicitly suggested a result such
as Proposition 2.2 should be possible.

From Proposition 2.2 we will be able to deduce the following Corollary by rescal-
ing. We state a version both for 7 and for A.

Corollary 2.3. Let (M, g) satisfy the above assumptions. For each ps € C(M)
satisfying (1.3), there exists a constant C' such that

_ log(2 +|7])
[ps(=Ag +V(2) = 7) " P41y < O
T
for |t| > C and
<T>1/2
Im7| < —"———.
| = C'log(2 + |1])
Furthermore,
log(2 + |A])

Hps(_Ag"'V(x) _)‘2)_198"71%% < o )
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for |A\| > C" and
1
C'log(2+ )’

Proof of Proposition 2.2. Observe for £Imz > coh/log(1/h), (2.4) holds automat-
ically so we need only prove the Proposition for |Imz| < coh/log(1/h) for some
small constant ¢g > 0. Let z € [E — 9, E + 0] — i(coh/log(1/h),0), 6 > 0, for the
remainder of the proof.

The idea of the proof will be to glue two cutoff resolvent estimates together and
control the interaction terms by propagation of singularities, and then replace the
cutoffs with ps, again controlling the errors with propagation of singularities. There
are 4 main steps.

Tm Al <

Step 1: Select cutoffs.

Recall we have defined X, = [r,+00) x S in the introduction, chosen Ry > 0
sufficiently large so that we can construct P(h) = Op (p) which agrees with P(h) on
Xg,, and the Hamiltonian flow of p is globally non-trapping. Choose ¢ € C°(M),
0<y <1,v=10on M\ Xg,, ¥ =0 on Xg,+1, and select xo,x1 € C(M),
0 < xo0 <1, xo =1 near v with small support, x1 =¥ — x.

In order to control the interaction (commutator) terms, we will add a complex
absorption potential to P(h) — z which is supported away from the above cutoffs,
which will control the interactions through propagation of singularities. Choose R,
7=1,...,7,

Ro+1=: Ry, Rj < Rj+1 < 00,
and let
Ale R, = XRh \ XRJ'z

be the annulus with inner radius R;, and outer radius R;,. We will fix the distances
between the R;s at the end of the proof.
Choose a € C°(M), ay =0,
a=1on Agr, r,, suppa C AR, R,
and choose 11,19 € C°(M) satisfying ¢ = 3 and

supp¥2 C AR,,Rrs, Y2 =1 on Ag, R,-

Set Q(z) = P(h) — z —iC1ha for a constant C; > 0 to be chosen later in the proof.
Recall

vyeUyeU e Xy,
and choose x € C°(M) satisfying
X = lon M\ Xpg,\U and
suppx C M\ Xg, \ Up.

Without loss of generality, we assume ps from the statement of the Proposition
satisfies (1.3) and ps = 1 on M \ Xg,. These cutoffs are shown pictorially in Figure
3.

We will also employ an energy cutoff, to separate the characteristic variety of
p — E from the elliptic sets. Choose p1 € C°(R),

p1(t) =1 on {|t| < a/2}, p1(t) =0 on {|t| > a}.
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¥ s
a

; AN/ =
M

vy Ry

X0 X1 s

D : =
M

vy Ry

FIGURE 3. The manifold M with various cutoff functions em-
ployed in the proof of Proposition 2.2.

Set

go(:v,f) = 901(19(%5) - E)7

and observe since ¢ is a function of the principal symbol of P(h) — z and we are
using the Weyl calculus,

(2.5) [P(h) — z,0"] = O(h®).

Step 2: Microlocalization.
We will bound ||¢u|| from above, where unless explicitly noted, || - || = || - |- To
do this, calculate

[lvu]l < |Ixoull + [[x1u|| =: A+ B.

For B we cutoff in energy to apply [Chrl, Theorem 1, Corollary 8] and the
generalizations from [Chr2] for ¢o > 0 sufficiently small:

B < e xoul + [[(1 = ©)“xoull

< UYLy p(ny — ppyoul + < (PR — 21— )" xoul
26) < “L(”h) 6 (P(h) — 2)xoull + Ch2 log(1/h) [xoul
(27) - @1 (Pw) — xoul + En? xou
2s) < Olog(” ") (1@eyul + 11P®), xolul) + CH1og(1/B)llxoull

since ya = 0. Here in (2.6-2.7) we have used (2.5).

To estimate A and the commutator term in (2.8) we will need the lemmas in
Step 3.
Step 3: Two Lemmas.

The first Lemma is a refinement of the standard propagation of singularities
result.
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Lemma 2.4. Let Vy,Va @ M, and for j = 1,2 let V; € T*M,
Vi = {(2,6) € T"M :z € Vj, |p(x,&) — E| < a},
for some a > 0. Suppose the 17J satisfy distg(f/l, IN/Q) = L, and assume

3C1,Cy > 0 such that ¥p in a neighbourhood of V1,
(2.9) exp(tH,)(p) € Vi for

VE(L+Cy) <t < VE(L+Cy+Cy).
Suppose A € \112’0 s microlocally equal to 1 in Vy. If B € \IJ%O and WF, (B) C V4,
then there exists a constant C > 0 depending only on C1,Cs such that

_ Ci+1
1Bul < CLA Bl PO = 2l + 28+ 0 2 g au
Vs

+O(h)|| Bul,

where

B =1 on Uyeyc yB(L 101 t0n) eXP(LHp)(WFp B).

Remark 2.5. Observe Lemma 2.4 is a statement about the principal symbol p— z,
and hence applies also to Q(z), and the difference is O(h>)||Bul|.
Proof. Let G =0p®¥(g) € \112’0 be a self-adjoint operator to be determined later in

the proof and calculate

h2

L2
WHG(P — 2)ul)* + ﬁ”GUHQ > Im (G(P — 2)u, Gu)
= Im (|G, Plu,Gu)
(2.10) > 2 (0D ({p, g%} ) — O(W*) |G,

where G = 1 on WF;, G. Hence
L2

WHG(P —2)ul® >

| >

(Op " (a)u, u) — O(h®)||Gul|?,
where
_ 2 h
a(@,§) ={p.g°} — 759"
Choose pg € C*(M), 0 < o < 1, satisfying

wo = @3, for o1 €C®(M),
wo = lomn ‘71,
supp Vol € Va, and
2
\Y% < —.
Vool < Cy

Choose also ¢ € C>°(T*M), ¢ = o(p(x,£)—E) so that ¢* = 1 on V;UV;. According
to (2.9), we can find a non-characteristic hypersurface ¥ near V; so that

ViUV € U exp(tH,)() =: 3.
0<t<VE(L+C1+C?2)
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Choose f € C°(2), 0 < f <1 so that V4 and V3 are contained also in the flowout
of {f = 1}, and choose xo € C*(T*M), 0 < xo < 1, satisfying xyo = 1 on V; and
xo = 0 outside a neighbourhood of V;. Let ¢, a9 € C*°(T*M) be the solutions to

Hpq = x0, gz =,
Hpyap =1, aly =0.
Observe ¢ satisfies
1<q<+VE+aC; on Vi;
gl <VE+a(C1+1) on 3,
if supp xo is sufficiently small. In addition, ag satisfies
0<ay<VE+a(L+C,+C,) on .
Set
9* = ¢*(p = E)po(2)q” exp(2hao/L?),
so that with this choice of g,

a = {pg’}— %92
= 2q{p, g}/ + 2%92 +¢2e2hao/ L Q2 oo} — %92
(2.11) > 2¢{p, q}thao/L2 n %gz o a)3/2@
Combining (2.10) with (2.11) gives the lemma. ¥

The second Lemma will follow from Lemma 2.4 and indicates how to control the
interaction terms of the form ||[P, x]ul|.

Lemma 2.6. Suppose x € CX°(M) satisfies
suppx C M \ Xg,, and Vx =0 near .
Then
h=H[P(R), XJull < CRzh™HQ(2)ull + O(R) [ xul,
where x € C3°(M) was selected in Step 1.

Proof. We first microlocalize using ¢* as in Step 2. Observe [P(h), x] = hA(z, hD),
where A(z, hD) is a first order semiclassical differential operator with coefficients
supported in M \ Xg, \ neigh (7). We calculate

(212)  |[[A(z, hD)ul| < [[A(z, hD)p" ul| + [|A(z, AD)(1 — @) u]|.
Now
[ A(z, hD)p"ul| < |E + af [ Vx| [lo3 vl

for o € C*(T*M), 0 < w2 < 1, a microlocal cutoff supported away from ~y. From
Lemma 2.4, we have

|E + al[[Vxllze< [l ull
< CRehTHQ(2)ull + ClIVx Lo [orul| + O(h) [ xull.
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For the second term in (2.12) choose x2 € C°(M) satisfying x2 = 1 on supp Vi
with support in a slightly larger set, and |Vya| < 2|Vx|. We calculate:

A, hD)(1 = @)"ul® = (A(z, hD)" A(z, RD)xa(1 = )", xa(1 = 0)" )
1 * w 1 w
< S A - ) ul? + S e (l - o) ul?
c .
< ZIPE) - 2l - o) ul?
C -
< ZRIIQEuI + ORIV~ [rul* + O [Rul

where we have again used Lemma 2.4, (2.5) and the fact that P(h) — z is a second
order elliptic semiclassical differential operator on supp (1 — ¢)™.
We have shown

W= [P (h), X]ul
(2.13) < CR:hHQ(2)ull + ClIV X oo lorull + O(R) [ Xull-

We now use the special structure of Q(z) to absorb the error terms. To do this,
choose C7 > 0 sufficiently large that

(Cra = co/log(1/h))¥1 = (Cra — co)¥h1 = cotp1/2,
and recall 17 = 3. Then
[rull < [[¢aul],
and for any n > 0,

1
Ecoh/ [pou)? da

IN

h/(Cla—l— Im z/h) upudz

IN

—Im/Q(z)ude

< (dnh) Q) ull® + nhflyrul®.
Combining the last two inequalities yields
[rul? < CAnh?)~HQ(2)ull* + Ol ull?,
which, for sufficiently small > 0 independent of h, gives
[rul® < C4nh?®)~H|Q(2)ul*.
Plugging into (2.13) gives
h=H I[P (h), xJull < Ch™' Re[|Q(2)ull + O(h) | xull.

Step 4: (P —2)7! and p;.

We have shown
C'log(1/h) .
B B |Q(z)ul + O ull
but we have yet to replace Q(z) in the estimate with P(h) — z and add the weights

ps- Recall we have assumed ps = 1 on supp X, and we have yet to determine the
R;s. Then

(2.14) [Yull <

[osull < [[9ull + [lps(1 = )ull.
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Recall there is P(h) which agrees with P(h) on supp (1 —1), and the principal sym-
bol, p, of ﬁ(h) has globally non-trapping classical flow. Applying [CPV, Theorem
1.1], we get
lps (1 =w)ull < Ch™p—s(P(R) = 2)(
Ch™Y|p-s(P(h) — 2
Thus
(2.15) Cllp-s(P(h) — 2)ul]?
(2.16) Ca (lp—s(1 = ) (P(h) = 2)ul]* + [[(P(h) — 2)ul]?)
lp—s(P(h) = 2)(1 = )ull* + [ (P(h) = 2)ul?
+2/|[P(h), Y]ul|?
=2[[P(h), Plull (I1(P(h) = 2)¢ull + [lp—s(P(h) — 2)(1 = )ul]) .
Applying the Cauchy-Schwarz inequality to the last term on the right hand side
yields
2(|[P(h), lull (I(P(R) = 2)¢ull + [lp—s(P(h) = 2)(1 = ¥)ul])
< 2)[P(h), Plull([¥(P(h) = 2)ull + [[p-s(L = ) (P(h) = 2)ull + 2||[P(h), ¢¥]ul))

< 2 (310PM, VIl + PO - ul? + 5lo-.(1 = 9P - 2ul?).

ARV}

Plugging into (2.15), we have
Csllp—s(P(h) = 2)ull® = [lo—s(P(h) = 2)(1 = ¥)ull* + [|(P(h) — 2)yul?

(2.17) —4[[P (), ¢ul|*.
Applying Lemma 2.4 to the last term in (2.17) with A = ps(1 — ), we get
I[P (R), ¥]ull
C .
< C'Ra|(P(h) = 2)ul| + ————hllps(1 = ¥)ull + O(?)] xul,
(R4 — Rs)>

with C here independent of R3, R4, and h. Hence
Callp—s(P(h) = 2)ull®* > [lp—s(P(h) = 2)(1 = P)ul]® + [|(P(h) — 2)¢pull®

02 2 2 4 ~ 2
g C 1 — vyl — 00 sl
h2 h2
> —ps(1 = )ul® + —5——
>l =l
= B2t =l — O ul?
R, — Rs3
h2
LT
Cylog*(1/h)

as long as R4 — R3 > 0 is sufficiently large but fixed. Fixing the other R;s appro-
priately gives (2.4).

Theorem 3 now follows immediately from Corollary 2.3. O
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3. PROOF OF THEOREMS 1 AND 2

3.1. Proof of Theorem 1. In this section we show how to use the estimate (2.4)
to prove Theorem 1. This is an adaptation of the similar proof in [Bur2], in the case
M is Fuclidean space with several convex bodies removed and compactly supported
weights.

Let ps satisfy (1.3), let u = 7 %+ de, and suppose u and [ satisfy

(3.1) (Ag =V + pu = puf.

We multiply by p?u and integrate:

/piﬁAqu/(u = V)p3lul? = /pi’fﬂ
— [ vuP+ [l - [(Fu V)= [ pira
which implies
[ < (o) [l + 5 [ 9P,
+a0) ! [ 2+ | [ it
for any 8 > 0, since V' is bounded. We observe
IV(p2)] < C (@)~
for large |z|, and hence
V()02 < Cp}

for large |x|. This combined with p? < Cp, implies

(3.2) /P§|VU|Q < (Il + O)llpsullzz + llpsfllz2-
Now (3.1) implies

(Il + )2 psu] 2 (71 +C) 2 llps(Bg =V + 1) " psfll 22

<
< Clog(2+ [Tl 2>

which combined with (3.1) gives

loaaliy <€ [ 29uP +C [l < Clogz+ DI

This combined with the standard interpolation arguments gives the following
lemma.

Lemma 3.1. With the notation and assumptions above, we have
[ps(=Ag +V — (7 £ Z'6))_IPSHL2HH1 < Celog(2 + |7)
and for every § > 0, r € [—-1,1],

HPS(_Ag +V = (r+ if))ilpsHHr_}HHrf& < Ceps.
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Now let A be the operator
Aug = pse™ Py,
acting on L?(M). We want to show
Ax LP(M) — L*(0, T} H* (M)

is bounded. We use the standard argument from [BGT2]. That is, by duality, this
is equivalent to the adjoint A* being bounded

A*: L2(0,T); H-34¢(M)) — L*(M),
which is equivalent to the boundedness of
AA 2 L0, T); H™ 24 (M)) — L*([0,T); H (M)

The definition of A gives

T
af= [ oy

SO

T
AL FO) = [ e g

We show AA* is bounded. Let u be defined by

T
u(z,t) :/ e TP f(r)dr.
0

Since we are only interested in the time interval [0,T], we extend f to be 0 for
t ¢ 10,T]. We write

t T
A = [ o g [ pee I (i
0

t
= psua(t) + psua(t),

and calculate
(3.3) (De+ Pyu; = (~1Yip. .

Thus boundedness of AA* will follow if we prove u satisfying (3.3) satisfies

Hpsu”Lz([O’T];Héfe) S ||f||L2([O,T];H7%+€)'

Replacing +if with f in equation (3.3) and taking the Fourier transform in time
results in the following equation for 4 and f:

(3-4) (=2 + P)a(z,-) = psf(z,°)-

Since f(t,-) is supported only in [0, T], f(z,-) and 4(z, -) are holomorphic, bounded,
and satisfy (3.4) in {Im z < 0}. Let z = 7 — in, n > 0 sufficiently small. We apply
Lemma 3.1 to get

st Mgy < O gy



DISPERSIVE ESTIMATES 17

for ¢ > 0. Thus

e psul(t)|

”psu”L?([o,T];H%*(M)) = L2([0,T);H2 (M)

nT (T — i
S Ce ||psu(T ZTI)HLz(R;H%—e(M))
N f(r _
< CeNFT =il o g3+ ary
nT | ,—nt
S C@ ||€ f(t)||L2([O,T];H7%+E(M))
nT
S 06 ||f(t)||L2([07T];H7%+E(M))'
Hence
T . T
2 n 2
| oty e < ce™ sy
or AA* is bounded. Thus A is bounded and Theorem 1 is proved. O

Remark 3.2. If the estimate (2.1) is uniform in the lower half-plane, then the
preceding calculation can be made including taking the limit n — 0, in which case
we get the global in time local smoothing estimate (1.4)

The following Lemma uses interpolation to replace the H'/2=¢ norm on the left
hand side of (1.2) with H'/2, and will be of use in §4.

Lemma 3.3. Suppose (M,g) and V satisfy the assumptions of Theorem 1. For
each § > 0 there is a constant C' > 0 such that

T . 2
(3.5) /O Hpsezt(Ag—V(w))uOHHI/Z(M) dt < Clluoll3s a)-

Proof. We first calculate

T
Hpse”Puo||2L2TH1 < C’/ / |ps(P + 1)e"Pugpse " ug| dadt
o Jum
T
—|—2/ / [V ps| ’Veitpuol ’pseitpuo‘ dxdt
o Jm

T
+/ / |P(ps)| |€"Fuol | pse™ uo | dadt.
o Jm

Using

|P(ps)| < C|Vps| < C'|ps]
and applying the Cauchy-Schwarz inequality yields

s ol g < Clhuol 2.
T

Thus we have a linear operator bounded between complex interpolation spaces:

pseitP . L2 N L%H1/27€,

H? — L2H'.

Choosing € = §/4 we have

lpse™ uol| L2, gr1/2 Clluoll g2esarz+o

IN A

Clluol|as-
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3.2. Proof of Theorem 2. For the proof of Theorem 2, we apply [Chr3, Theorem
3], which is a generalization of [Burl, Théoréeme 3]. That is, we set

0 —iid
B_<—iA 0 )

acting on the Hilbert space H = H'(X) x L?(X). The commutator [, B] is
bounded on H, so if 12 € C*°(X) satisfies (1.7) and |[¢), —A]| < 12, we have
[9e F¢llpom 2y = Ilve™ (1 —iB)*||n-n
< COlwe® (1 —iB)*¢a|m—mn.

From [Chr3, Theorem 3] we then gather

. _1/2
||w€ZtB1/)||Dom(B2)—>H <Ce ’ /C'

The spaces H'7* x H® are complex interpolation spaces, so together with the trivial
estimate

e Pyl p—m < C,

we conclude that for any € > 0,

_41/2
Ey(t) < Cee™ /9 (Jluoll3pse + [luallre) -

4. STRICHARTZ-TYPE INEQUALITIES

In this section we prove several families of Strichartz-type inequalities and prove
Proposition 1.3. The statements and proofs are mostly adaptations of similar in-
equalities in [BGT2], so we leave out the proofs of these in the interest of space.

As in the statement of Proposition 1.3, we assume M is asymptotically conic as
defined in [HTW] and V € C*(M), V > 0. The manifold M admits the Sobolev
embeddings recorded in the following proposition. For our notation, let

W™P(M) (resp. Wy"P(M)), m € N

be the completion of C*°(M) (resp. C°(M)) with respect to the norm

Ly = > ID £,

la|<m

We define W*? (M) and W* (M) for non-integer s by interpolation. We use the
convention

H*(M) := W*2(M), and H(M) := W*(M).

Let H} (M) denote the domain of (1 — Ag)% with Dirichlet boundary conditions if
OM # ), so that H} (M) = H} (M), and write H3,(M) for the domain of (1—A,)*/2

1

with Dirichlet boundary conditions. Since V' € C°(M), we may replace (1 — Ay)2
with (1+ P)? in the definitions, where P = —Agy+V(z). This results in equivalent
Sobolev spaces with the addition [P, (1 + P)z] = 0.
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Proposition 4.1. We have the following continuous Sobolev embeddings:

(i) Hp(M) € LP(M), 2<p<

orp < oo forn =2,
(i) Hp (M) C LP(M),

(ii) HyM (M) C WHP(M)

(iv) Wy'P (M) C LY(M),
(v) WEP(M) € L=(M), s>

(vi) HpMP(M) c WHI(M), =+ = =2, p>2.5€0,1].

S
S

If we again let —A( be the Laplace-Beltrami operator associated to a non-
trapping metric which agrees with g on X g, we may apply the results of [HTW] to
a solution of the Schréodinger equation away from the trapping region, resulting in
perfect Strichartz estimates, but we lose something from the commutator. That is,
if x €CX®(M)is1on M\ (XgUsuppV), then w= (1 — x)e Fuq satisfies

(Dt — Ao)’w = (Dt + P)w
(4.1) = [Ao, x]e P uy.
From Lemma 3.3, we have for any € > 0,
1[A0, xle™" P uoll 2o,y rr-1/2(ar) < Cerlluoll me an)-
The following proposition then follows from the proof of [BGT2, Proposition 2.10].

Proposition 4.2. For every 0 < T < 1, § > 0, and each x € C°(M) satisfying
x =1 near M\ (XrUsuppV) , there is a constant C > 0 such that

(4.2) (X = x)ullLeo,rnywe—s.a(ar) < Clluol| s (arys
where u = e~ *Pug, s € [0,1], and (p,q), p > 2 satisfy

2 n_n

p g 2

Remark 4.3. In the sequel, wherever unambiguous, we will write
LRI = (0, T)W*(M)
and
H} = Hp(M).

Proposition 4.4. Let u(t) = e *ug. For every 0 < T <1 and € > 0, there is a
constant C' > 0 such that

(4.3) [ull Lowea < O||U0||H]s)+1/p+e,

where s € [0,1] and (p,q), p > 2 satisfy

2 n n
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Remark 4.5. Proposition 4.4 represents the Strichartz estimates obtained by
Burg-Gérard-Tzvetkov [BGT2] in the case of non-trapping exterior domains with
an € > 0 loss due to the presence of the trapped orbit 4. Observe that (4.4) is
weaker than the standard Euclidean Strichartz estimates in two ways, the loss of
1/p derivatives from using Sobolev embeddings and the loss of e derivatives from
~v. When OM = (), we get the improvement given in Proposition 4.9.

Proposition 4.6. Let u = e *"ug and

t
’UZ/ e_i(t_T)Pf(T)dT.
0

Then for each 0 < T <1 and each § > 0, there exists C > 0 such that

(4.4) [ull Lz we-s.a < Clluollms,
and
(4.5) [vllzwe-sa < CllflLrms
where s € [0,1] and (p,q), p > 2 satisfy

1 n n
4.6 ST
(4.6) PR

Remark 4.7. Proposition 4.6 is much weaker than the estimate suggested by
scaling in Euclidean space, and as remarked in [BGT2], is probably not optimal.
We expect the § > 0 loss to always hold due to the presence of v, but the Euclidean
scaling suggests the optimal estimate would replace 1/p in (4.6) with 2/p (see
Proposition 4.9).

Proposition 4.8. Let

t
u(t) = / e_i(t_T)Pf(T)dT.
0
For each 0 <T <1 and each § > 0, there is a constant C' > 0 such that
(4.7) [l Lpwe—sa < CUFI ot gy

where p',q', p' € [1,2) are the duals of p and q satisfying (4.6), respectively, and
satisfy
1 n n_n 1
vogd 2
The next proposition is an improvement of Proposition 4.6 in the case OM = ().

Proposition 4.9. Suppose (M,g) and V satisfy the assumptions of Proposition
1.3, u = e Py,

t
v:/ eii(tiT)Pf(T)dT,
0

and in addition OM = 0. Then for each 0 < T < 1 and each § > 0, we have the
estimates (4.4) and (4.5) for s € [0, 1], where now (p,q), p > 2 satisfy the Euclidean
scaling

(4.8) +

hSER N
|3
l\D_IS
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Proof. The idea of the proof is to use Proposition 4.2 to reduce the statement to
a local question near the trapped orbit. Then we use a partition of unity and the
local WKB construction from [BGT1] to get local in time Strichartz estimates for
time on the scale of inverse frequency. We then sum up over frequencies and apply
the local smoothing estimate to prove the Proposition. We remark this would also
follow from [StTa, Theorem 4] and the local smoothing in Theorem 1.

Let x be as in Proposition 4.2 and choose ¥ € C2°(R), ¢ = 1 near 1 and satisfying

1<) y(r/2F) <2 forr > 0.
k>0

Choose also ¢ € C°(R), ¢ =1 on [—co, col, supp ¢ C [—2¢o, 2¢q] for ¢o > 0 small.
Let

wp = (/)X (@)Y (=h*Ag + BV (x))u,
which satisfies the equation
{ (10 + Ag = V(@) )wn = ¢[Ag, XPu + i xtpu
’LUh(fE, O) = X¢U0'

Since ¢ localizes to a timescale of size h, the semiclassical local WKB construction
in [BGT1] gives

)

h L'L2

1
lwnlloze < C Hs@[Agax]wuH—w'xwu

with (p, q), p > 2 satisfying (4.8).

Choose ¢ € C°(R) and x € C°(M) satisfying ¢ = 1 on suppy and ¥ = 1 on
supp x. Applying Holder’s inequality in time and exchanging one derivative for h~!
on the support of ¢ yields

lwhllLore < CRV? R @xbul| s -
Exchanging one half derivative with h~'/2 we obtain
lwnllLere < Cll@xXYull L2/
and summing in h = 27%/2 we get
Ixullrre < Cllxullp2p/2,

which after a time truncation and an application of Lemma 3.3 proves the Propo-
sition for u. Finally, an application of the Christ-Kiselev lemma [ChKi] proves the
proposition for v. O

Proof of Proposition 1.3. The proof of Proposition 1.3 is a slight modification of
the proof of Proposition 3.1 in [BGT1], but we include it here in the interest of
completeness. First we assume OM # (. Fix s satisfying 1.12 and choose p >
max{23 — 2,2} satisfying

1

ST +6>n
§> — — = Z_
2 p -2

1
max{25 — 2,2}

for some 6 > 0. Set 0 = s — § and

Yr = C([=T.T); Hp(M)) 0 LP([=T, T}; W5 (M)
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for

"=
_|_
< |3
I
t\>ﬂ|3

equipped with the norm

llully, = ‘IR?T( Hu(t)HHf)(M) + ||U||L1;W<w-

Let ® be the nonlinear functional
t
O(u) = e "FPyug — Z/ e P P(u(r))dr.
0

If we can show that ® : Y — Y and is a contraction on a ball in Y7 centered at
0 for sufficiently small 7" > 0, this will prove the first assertion of the Proposition,
along with the Sobolev embedding

(4.9) W5 (M) € L>(M),

since ¢ > n/q. From Proposition 4.6, we bound the W part of the Y7 norm by
the H37 norm, giving

A

T
[e)lly, < C <|UO|H;5 +/T|F(u(r))||HBd7—>

IN

T
C’(hmng—%]fT|<1+|uwo>|%rﬂnm0ﬂnﬂéd7>,

where the last inequality follows by our assumptions on the structure of F. Applying
Holder’s inequality in time with p = p/(28 — 2) and
1 1
= + = = 1
qa p
gives

l@(@live <€ (luollms, +Tlulz s

(1 + 7 %))
where v = 1/¢ > 0. Thus

le@lya < C (Jluolla, + T (ullvy + lul33))
Similarly, we have for u,v € Yp,

(4.10)  [|(u) = @)y <

23-2 28-2
(4.11) < OTJu = vl pgm [I(1+ |u|>||£;m +10+ |v|)||L%Lm)

2B8-2 2(3—-2
< OT u = olly [lL+ [ul) 552 + 1L+ [ 557,

which is a contraction for sufficiently small T". This concludes the proof of the first
assertion in the Proposition.
To get the second assertion, we observe from 4.10 and the definition of Y, if u
and v are two solutions to (1.11) with initial data u¢ and w; respectively, so
t
O(v) = e Py — z/ e NP R (y(1))dr,
0
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we have

a, t)—v(t s
‘Igll;:;IIU() o(t) | ms,

= max|[e()() - O(v)(t)]| 3,

<O | uo —wallm,

28-2 28—2
+17 max l[u(t) = 0@, [+ Dl poo + 1+ 0D ) ]

which, for 7' > 0 sufficiently small gives the Lipschitz continuity.

In the case M = (), we have the improved Strichartz estimates given in Propo-
sition 4.9. Hence we can take s and p satisfying p > max{28 — 2,2} and
n 2 16> n 2
2 p ~ 2 max{28-2,2}
for § > 0. Then 0 = s — ¢ > ¢/n and the preceding argument holds with these
modifications. O

s >

The proof of Corollary 1.4 now follows from the standard global well-posedness

arguments from, for example, [Caz, Chapter 6].
(I
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