GROWTH AND ZEROS OF THE ZETA FUNCTION FOR
HYPERBOLIC RATIONAL MAPS

HANS CHRISTIANSON

ABSTRACT. This paper describes new results on the growth and zeros of the
Ruelle zeta function for the Julia set of a hyperbolic expanding rational map. It
is shown that the zeta function is bounded by exp(C|s|?) in strips |Re s| < K,
where 0 is the dimension of the Julia set. This leads to bounds on the
number of zeros in strips (interpreted as the Pollicott-Ruelle resonances of
this dynamical system). An upper bound on the number of zeros in poly-
nomial regions {|Res| < [Ims|®} is given, followed by weaker lower bound
estimates in strips {Res > —C, |Ims| < r}, and logarithmic neighbourhoods
{|Res| < plog|Ims|}. Recent numerical work of Strain-Zworski suggests the
upper bounds in strips are optimal.

1. INTRODUCTION

The motivation for the estimates described in this paper comes from scattering
resonances. In the case where the underlying fractal set is the limit set of a convex
co-compact Schottky group there is a correspondence between zeros of the zeta
function and scattering resonances of the classically trapped set (see [7, 12, 16, 19]
for details).

In the case of the Julia set, we are primarily interested in counting zeros of the
zeta function Z, which may be interpreted as the Pollicott-Ruelle resonances of
this dynamical system. The most interesting case is the number of zeros in regions
Res > —C, |Ims| < r, which we will show is bounded above by Cr!'*?, with § the
dimension of the Julia set. We prove a weak, sublinear lower bound on the number
of zeros in this region, an honest linear lower bound in logarithmic neighbourhoods
of the imaginary axis, and conjecture that our upper bound is actually sharp. We
also obtain the upper bound Cr!+2e+9(1=9) for the number of zeros in more general
regions |Re s| < [Im s|® for « € (0, 1).

Similar to [16, 7], we consider the dynamical system associated to a hyperbolic
expanding rational map f when the Julia set J associated to this map is a totally
disconnected set. R

We think of J as a subset of the sphere C = C|J{oo} naturally identified with
R? = R2|J{oo}. Then |f'(z)| can be thought of as a map |f'(z)| : U € R2 — R,
analytic in a neighbourhood U of J. If [f’(2)] is the holomorphic extension of | f/(z)]
to a map [f/(z)] : U € C2 = C2J{oo} — C, where U C C2 is a neighbourhood of
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J x {0}, we can define the transfer operator:

(1.1) Llshu(z) = > [f'(w)] " uw),
we f~1(z)
We will show in the course of this paper that L£(s) is a trace class operator on
an appropriately chosen class of functions, and the Ruelle zeta function Z will be
defined as

(1.2) Z(s) = det (I — L(s)).

The zeta function defined in a similar context was first studied in the famous work
of Ruelle [13]. We will prove the following bound of Z in terms of §, the Hausdorff
dimension of J:

Theorem 1. Suppose Z(s) is the zeta function defined by (1.2) for the function f.
Then for any Cy, there exists Cy such that for |Res| < Cy we have

(1.3) 1Z(s)| < Crexp(Ch]s]”), 0 =dimJ
where § is the dimension of the Julia set of f.

In [16] the same result is given for the case when f(z) = 2%+ ¢ for c real, ¢ < —2,
in which case the Julia set is a real Cantor-type set. Numerical results in [16]
suggest this theorem is sharp. Using Theorem 1 and a dynamical formula for Z(s)
from Proposition 5.1, we derive several estimates, both lower and upper bounds on
the number of zeros in various regions. Based on numerical evidence from [16], it
appears the lower bounds are not optimal, and in closing we give an example to
demonstrate the subtlety of this question and some of the problems in approaching
it.

2. REVIEW OF JULIA SETS

In this section we review a few classical results about the geometry of Julia sets
that will be used later in the paper. The interested reader should consult [4, 5] for
further details.

The Julia set J for a rational map can be defined to be the closure of the set
of repelling periodic points, hence J is compact in the sphere. It is easy to see
[3] that J is backward and forward invariant: J = f(J) = f~1(J), and in fact
fP(J)=J for p=1,2,.... We are interested in the case where J is disconnected
(and hence totally disconnected). The hypothesis that J be totally disconnected
is necessary in what follows, as in the proof of the essential Proposition 4.1. In
the simple setup where f(z) = 22 + ¢ for ¢ € M, where M is the Mandelbrot
set, it would be interesting to determine the behaviour of the zeta function as
dist (¢, M) — 0. The assumption that f be hyperbolic means there exists an n > 1
such that inf{|(f™)'(2)| : z € J} > 1. In other words, some iterate of f is expanding
on the whole set. A sometimes useful fact (see [17]) is that a rational function is
hyperbolic if and only if PCV(f)(J = 0, where PCV(f) = U,,>( f"(Crit f) is
the forward propagation of the set of critical points of f. If f is hyperbolic, one
can replace f with an appropriate iterate and assume that f is strictly expanding
near 7, since this does not change the geometry of J. However, for simplicity, we
assume throughout that f itself is expanding near 7.

The most important properties of 7 are the those making it a “cookie-cutter” set
in the sense of [5]. Roughly speaking, this is to mean that a small neighbourhood
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intersected with J looks more or less like 7. This is made precise in the following
proposition:

Proposition 2.1. J is a cookie-cutter set, that is, there exist constants ¢ > 0,
ro > 0 such that for each r < rg and z9 € J there is a map g : B(z9,7) — C such

that g(B(zo0,7)(J) C J satisfying
(2.1) clr g —w| < g(z) — g(w)] < er™z —wl.
To prove this, we will need the Koebe distortion theorem (see [3] for a proof):

Lemma 2.2 (Koebe distortion theorem). If g is univalent (analytic and one-to-
one) on the unit disk in C with g(0) =0 and ¢’(0) = 1, then

1- |Z| ’ 1+ |Z|
(2.2) m <lg'(2)] < m
and
g g
23 T2 == e

We can get Proposition 2.1 from this by a simple argument. Since Crit f (7 = 0,
there is R > 0 so that for each z9 € J, f(z) is univalent on B(zg, R). This implies
f™ is also univalent, since (f*)'(z) = f/(f" " 1(2)) - f/(f*2(2))--- f'(z). We want
to modify the estimate 2.2 to apply to a function G univalent on a disk of radius
d > 0, say, with G'(0) = M # 0. For ¢ € {|¢] < 1}, define g(¢) := G(6¢)/M. Then
g satisfies the hypotheses of the lemma, and we now have:

— 312l + 51|
g <G (2)] < | M e
(1+ 3l21) (1= 3lz1)

which, for |z| < /2 yields

(2.4) ]

(2.5) <|G'(2)] < [M]e

M|
c
for some constant ¢. The argument is finished by setting ro = R/2 and noting
that taking an appropriate iterate G = f™ maps a ball B(zp,r) of radius r < rg
centered at zgp € J into a larger fixed ball B(0,5), say, with the property that

G(B(z0,7)(1J) = J. Thus there is a point z; € B(zg,r) such that S/(2r) <
|G'(z1)| < 2S/r. By conjugating with an appropriate Mobius transformation, we
can assume zg = 21, so that C~1r=t <|G’'(2)| < Cr~! as claimed.

3. THE TRANSFER OPERATOR ON L2 SPACES

It is more convenient to define the Ruelle transfer operator in terms of the inverse
branches to f. Suppose f is an m to 1 function, and let gl( ) fori=1,2,...,m be
the branches of f~ L. Now we interpret J as a subset of R2 instead of C and view
gi:UC R? — R? real analytic and |g}| : U C R2 SR analytic in a neighbourhood
U about J. Then it is clear that both i and |g;| extend holomorphically to
functions g; : U ¢ C2 — C2 and [g]] : U € C2 — C for U C C? a neighbourhood of
J x {0}. The Ruelle transfer operator can then be defined as

(3.1) L(s)u(z) = Z [9:(2)]" u(gi(2))-
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We will show that with an appropriately chosen neighbourhood about J C C2
and an appropriately chosen class of functions u, £ is trace class. We begin, as in
[16], with a review of characteristic values of a compact operator A : H; — Ha,
where H;’s are Hilbert spaces. Define

[All = (4) 2 vi(A) = - 2 u(4) =0

to be the eigenvalues of (A*A)z : Hy — H;. The min-max principle shows that

(3.2) )= min  max [ Avfn,
codimV =l [v HHl_l

Now suppose {x; };’io is an orthonormal basis of Hy, then
(3.3) n(A) <Y 1Az ..
j=l

To see this we use V; = span {xj} _, in (3.2): for v € V; we have, by the Cauchy-
Schwartz inequality, and the mequahty Illes <1 ey,
. 2 . 2
1Av]1%, = Z vy m A < |old, | D 1Azl |
j=l j=l

from which (3.2) gives (3.3).
We will also need the Weyl inequality (see [14]), which states that if H; = Ho
and A;(A) are the eigenvalues of A,

(3.4) [Ao(A)] =2 [M(A)] = -+ = [M(A)] — 0,
then for any N,

N
(L+ M) < T+ (A,

0 =0

=

(3.5)

If Ais trace class, i.e. if ), 14(A) < oo, then the determinant

det(I + A) := ﬁ(l + M (A)),
1=0
is well defined and
(3.6) |det (I + A)| < JJ(1 + wm(A)).
1=0

We also need the following standard inequality about characteristic values (see
[14])

(37) Vl1+l2+1(A + B) < VllJrl(A) + Vl2+1(B)

Finally, we finish with an obvious equality: suppose A; : Hi; — Hs; and we form
J J J
@j:l Aj @j:l Hy; — @j:1 Hsj, then

oo J J oo
(3.8) Zl/l @Aj = ZZW(AJ)

1=0 j=1 j=11=0
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Now we want to define the Hilbert space we will be working with. For D C C2
open, let H*(D) := {u holomorphic in D : [} [u(z)|?dm(z) < co}. Let D; be a
finite union of balls covering J; = ¢;(J) for i = 1,2,...,m so that D; N D; = () for
i # j, and D = UD;. We have the following proposition:

Proposition 3.1. Suppose that L(s) : H*(D) — H?(D) is defined by (3.1), with
g; the m inverse branches of f hyperbolic expanding rational. Then for all s € C,
L(s) is trace class and

(3.9) |det(I — L(s))| < Cexp(C|s|®)

for some constant C.

Proof. We write H?(D) = Ené H?(D;) and L(s) = EmB L;;(s), where
j=1 i,j=1

(3.10) Lij(s)u(z) = [gi(2)]" u(gi(2)), = € D;.

Note that from (3.7) and (3.8) we certainly have

W(£(s) < m? | max viyjam (L (s).

Let 79 > 0 be the minimum radius for which |Dg;(z)| < 1,7 =1,2,...,m, on a ball
of radius rg centered at a point of J. Let

m

U= U U; := U {$+B@2(O’T)}

i=1
for r < r9/2. Let M = maxg |Dgi(z)| < 1, and pick for D a finite cover of 7,
D = U:’;l D; made up of balls of radius r centered at points of J as above, so
that for each z € J, dg.(2,0D) > #r, and D; covers J; = g;(J). Then for
any point z € D;, |z —w| < r for some w € J, so |g;(z) — g;(w)] < Mr, so
that dz, (g;(D;), 0D;) > (4 — M) r > 0. Lemmas 3.2 and 3.3 together with the
estimate |[g}(2)]*| < e€l*l now give for some Cy:
(L (s)) < CreClsl=172/Cn,

With this in hand, we see that (3.6) implies
det(I — L(s)) < H (1 +CeC\s|—11/2/c) < 0Ol
1=0

so that L(s) is trace class as claimed. To finish with the proposition, we need the
following two lemmas, taken almost directly from [7]. O

Lemma 3.2. Let p € (0,1) and R? : H?(Bc2(0,1)) — H?(Bc:(0, p)) induced by
the restriction map of Bcz2(0,1) to Bez(0, p). Then for any p € (p, 1) there exists a
constant C' such that

w(RP) < Cp"”.
Proof. Using (3.3) with the standard basis (24 )aen2 for H?(Bc2(0,1)) given by

(3.11) za(2) = coz 252, / |za(2)[?dz =1, o € N?
Be2(0,1)
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for which we have
IR = [ frala)ds = g
B2 (0,p)
The number of a’s for which |a| < m is bounded by (m + 1)2, so by (3.3)
(B < 30 <0 YT (k1) < o

loo|>1 k>11/2
O

Lemma 3.3. Suppose 2; C C?, j = 1,2 are open sets and 0y = Ule Bez(zk, 1%)-
Let g be a holomorphic mapping defined on a neighbourhood Q1 of Q1 taking values
in Qo satisfying

1 _
de2(g(Q1),092) > o 0, 0<|Dg(2)] <1, z€ Q.
0

If
A H*(Q) — H2(Q1), Au(z) :=u(g(2)), z€
then for some Cy depending only on K, dc2(g(€21),082), supg, [[Dg(z)||, we have
n(A) < Cret"/0n
where vi(A)’s are the characteristic values of A.

Proof. Define a new Hilbert space
K
H =D H*(Bi), Bk = Bea(2k,74),
k=1

and a natural operator
J:H?* () = H, (Ju)r =u|p,

We claim J*J : H2(2;) — H?(Qy) is invertible, with constants depending only on
K. To see this, note that for any u € H?(£2;),

ul < (Ju, Juyp < K |Jul®.

Hence

(3.12) ||J*Ju||2 = (Ju, JJ* Ju)y < K ||ul| ||J* Jul]
and

(3.13) lull® < (T T, ) 2y < 1T T[]

for any u € H%(Q1). The estimate (3.12) implies J*J is bounded, while the estimate
(3.13) implies J*J is one-to-one. Since any one-to-one self-adjoint operator is also
onto, J*J is invertible, and furthermore,

1 2 * —1 2
=l < ([~ ] < .
Thus we calculate,
v(A) = v ((J* ) T JA) < ||[(J* )7 |1T* | vi(JA).
Note then that
<
VZ(JA) ~ Klg}CaSXK V[l/K] (Ak),
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where

Ay s H*(Q9) — H?(By), Apu(z) = u(ge(2)), gr = gla,
In order to estimate the characteristic values for Aj, note we can extend g to a
larger ball in S~21, By, such that the image of its closure is still in Q5. That gives
us the operators Ry, : H2(By) — H2(By), Ryu = u|p,, and Ay defined similarly to
Ay with By’s replaced with Ek’s. Now we have A = ngk which implies

n(Ag) < HﬁkH w(Ry).

Lemma 3.2 gives v;(Ry) < 026_11/2/0. To see these constants don’t depend on the
r1’s, note that the proof of Lemma 3.2 scales to the case of R? : B(0,r) — B(0, pr)
without modifying the constants, and this completes the proof. O

4. ESTIMATES IN TERMS OF THE DIMENSION OF J

In order to prove Theorem 1 we need a few more important facts. Recall that
the diameter of a set E is defined as diam (F) = sup {|z — y| : z,y € E}.

Proposition 4.1. Let J € C be the Julia set for f hyperbolic expanding rational,
and assume J is totally disconnected. Then there exist constants K = K(c) and
dg such that for 6 < &g the connected components 0fj+§@(0, ) have diameter at
most K§.

Proof. Let ¢ and 79 be as in Proposition 2.1. Since J is totally disconnected,
there exists ¢g > 0 such that f = J + B(0,¢9) has more than one connected
component, and every connected component of f has diameter at most (4c)~!.
Then we apply Proposition 2.1 with r = 05651, with 6 < 69 < roeoc™'. The
function g guaranteed by Proposition 2.1 takes points in J to points in J, so if
z € J, g(B(z,9)) C B(g(2),€0). Thus a connected component of J + B(0,0) is
mapped into a connected component of J. Now suppose d(z,w) > r/2. Then

1 1 1

d(g(z) — g(w)) > —d(z,w) > — > —

(9(2) — g(w) > —d(z,w) > 5 > -
so that g(z) is in a different connected component from g(w). Hence z and w must
have been in separate connected components, and we conclude the diameter of the

connected component containing z is at most K§ = r. U

We have a bound on the diameter of the connected components of J + Bz(0, ),
but eventually we will need to cover J by balls, uniformly finite in § so that we
may again apply Lemma 3.3.

Lemma 4.2. Suppose D C Cisa compact set with the property that all connected
components of E = D + Bg(0,6) have diameter bounded by KJ. Then for any A €
(0,1) and any connected component E; of E, there exists a cover U; = U;(d) C E;
of D; = E; (D by at most K' = K'(\) balls of radius 6 centered at points of D;
such that dz(z,0U;) > X6 for z € D;.

Proof. Let I = (1 — \)/v/2. If E; is a connected component of E, then it fits in a
closed ball of diameter K¢ by hypothesis. A ball of diameter K¢ is contained in
a closed cube @ of side length K§, which can be covered by K’(\) closed cubes of
side length 1§ by simply starting at one corner of Q and covering it with cubes {q}
of side length [ intersecting only on their boundaries. For each k, if D[\ qx # 0,
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select any point pr, € D[ qk; if the intersection is empty, select nothing. Then set
K/
U; = U B(pk,9). A simple calculation gives for any z € D;, z € ¢ for some k,
k=1
giving
dz(z,0U;) > da(pr, OU;) — da(pr, 2) > Ad

since z € g implies, in particular, that dz(ps, 2) < V206. O

Remark. It is clear that Lemma 4.2 extends to C™ with constants depending only
on K and the dimension.

Proof of Theorem 1. As in [16] choose h = |s|~! where [s| is large, but |Re (s)| is
bounded. Now viewing 7 as a subset of R? instead of C, form J(h) = J+Bg. (0, h).
Proposition 4.1 tells us the diameter of each connected component of J (h) has
diameter less than Kh. Since g; (now thought of as the holomorphic extension
gi : c? - @2) is a contraction near 7, there is some hg so that if h < hg, M =
max [Dg;(z)] < 1 for z in the closure of J 4+ Bz, (0,h). Let 8 = $(M + 1), and
suppose there are P(h) connected components of 7 (h). Using Lemma 4.2 we can
pick a subcover U(h) = |J;*, U;(h) of at most K’P(h) balls contained in J and
centered at points of J satisfying

dz2(2,0U) > Bh, z€ J.
Since any point of U is within h of some z € J and we know g; : J; — J;,
dg2 (9i(U;(h)), 0U;(h)) > (B — M)h > C™'h

for some constant C' independent of h.

It is classical that the Hausdorff measure of the Julia set is finite (see [17] and
the references therein) and that the Hausdorff dimension equals the box-counting
dimension. Using the setup of the box-counting dimension, let N (¢) be the number
of sets of diameter € needed to cover J. With

0 =— lim M
e—0t 10g €
P(h) = N(Kh) implies P(h) = O(h?%). We write £(s) as a sum of m? operators
L;j(s) as before, L£;j(s) : H*(U;) — H?(U;), but now we have a better bound on
the weight independent of h. Recall [g/(z)] : R2 — R, and we are only interested in
values of [g(z)] on U;(h), so |arg[gi(z)]| < [Imz| < h = |s|~!. Hence,

|[9i(2)]°] Cexp(|s]| arg [g;(2)]])
(4.1) < exp (Cals| (I (z1) 2 + [ (22)1%) %)
< CQ, z € Uj(h)

AN VAN

Each £;;(s) is a sum of no more than P(h) operators, each of which satisfies v; <

Cal"*/C for some 0 < a < 1 by Lemma 3.3. Thus using again (3.7) and (3.8) we
get the estimate

(4.2) log |det (I — £L(s))| < CP(h) = O(h™9%)
which is (1.3). O
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5. COUNTING ZEROS IN STRIPS

In this section we prove the following corollary to Theorem 1. The methods used
here are similar to those used in [16] and [10].

Corollary 2. Let m(s) denote the multiplicity of a zero of Z(s) at s. Then
(5.1) Z {m(s):7<|Ims| <r+1, Res>—-Co} <Cyr’
where § = dim J .

In order to prove this corollary, we will need to bound Z(s) away from zero
for Res > Cy. We do this by employing a dynamical formula for Z(s) which is
interesting in its own right. For the development of this dynamical formula, we
take D; to be C2-balls containing J C R2. We again view fasamap f: R2 — R?
and then extend to a holomorphic function C2 — C2? and write f for this extension
whenever unambiguous.

Proposition 5.1. For Re(s) > 0,

Y e
det(I = (d (f7) ()"

(5.2) det(I — L(s)) Z

n:l fr(z)==

Proof. For |A| sufficiently small, log(I —

AL(s
det(I — AL(s)) = ex i >\—
= P 2 o .
In order to evaluate the traces, we write

tr ‘C(S)n = Z tr ('Chiz (S) ©---0 'Cinin+1 (S)) ’

(41, yin41)

)) is well defined and

where £;;(s) is given by (3.10). If the target space is different from the domain
space, there are no eigenvalues, so that

Z tr (Linﬁz (8) + 0 Ev 7n+1( )) = Z tr ([’iliz (8) 0--+0 ‘Cinil (S)) :
(i1, nrina1) (i1, 0yin)

We have

Liyiz(s) 00 Liay (s)u(z) = [(giy 0+ 095,) (2)]" u(giy 0+~ © g3, (2)),
and Lemma A.1 in the appendix shows that
1
|det(I —d(gi, -+ 0g5,)(2))]

which completes the proof once we put A = 1. O

r ((giy 0+ 0gi,)") =

Proof of Corollary 2. Using (5.2) it is clear that for Res > Cy we have
|[(fn)/(z)]—e| < CC;“RE(S)

with Cy; > 1 since z is a periodic repeller and [(f™)'(z)] is real on J. Then the
convergence of the double series in (5.2) is immediate and gives for Res > Co,
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Z(s) > 1/2. With Z zero free for Res > Cp, an application of the Jensen formula
shows the left hand side of (5.1) is bounded by

ds —r — <2 < log |Z
S {m(s)ils—ir - Col <2AC2+ o)} < Co  max_log|Z(s)
< C nax log|Z(s)|
ls| <405 +r
S 017“6.

6. POLYNOMIAL NEIGHBOURHOODS

Suppose {p;} are the zeros of Z(s) counted with multiplicity. Let 0 < o < 1
and consider the region R, = {|Res| < [Ims|®,|s| > 1}. Let No(r) = #{y; €
Ry ¢ |pj| < 7} We expect No(r) to be somewhere in between the upper bound in
strips, No(r) = #{p; : Rep; > Co, [Imp;| < r} < Or'* and the global bound
Ni(r) = #{|pj] < r} < Cr3. The following theorem asserts we get the expected
interpolation. The techniques used in the proof of theorem should extend easily to
the case of convex co-compact Schottky groups [7], giving the same upper bound
as in [18].

Theorem 3. With {1}, o, and N, defined as above,
(6.1) No(r) < Cyrit2atitiza)

Proof. In order to begin, we start, as in the proof of Theorem 1 by constructing a
cover of J by open sets. For h = |s| ™!, let B,(h) be the open ball
Ba(h) := B2 (07 hl_a)a

and set J(h) = J + Ba(h). We can pick a finite subcover of J(h), U(h) =
U7 Ui(h), as before, so that

d(9i(U;(h),0U;(h)) > Cgthi =
for some constant C, independent of h. Write £ as a sum of m? operators £;;(s) :
H?(U;) — H?*(Uj) as before. Since [¢i(z)] : R? — R, if we take s € R, := {|Res| <
5|Im s|“},

|[g:(2)]°] C exp(C|Re s|[ log(|[g;(2)]]) + C|Im || arg[g; (2)])

Cexp <C|s|o‘ + ClIm s| ((Im 21)? + (Im 22)2)%)
< Cexp(Cls|?).

Now each £;;(s) is a sum of no more than P(h) = O(h=%(1=)) operators, each

IN

(6.2)

IN

of which has characteristic values {v;} satisfying v; < CeClsI*=1""2/C " Then for
s€ R,
|s]5(1—e)

1Z(s)| < H(1+060\s|“—11/2/c)

s[Batsi—a)

< C’ecsl

Next we restrict attention to zeros in the upper left quadrant. Observe that for
any r1 < ro, we can cover Ry [{r1 < |s| < ro} by boxes of width 2r® and height
r® with right bottom corner at s = ir, for 11 < r < ro. If ng(r) is the number
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FIGURE 1. Regions used in the proof of Theorem 3

|Re s| = 2|Im s|*
|Re s| = |Ip s|*

l)g(r)

|Re s| = 5[Im s|*

of such boxes needed to cover R,, clearly r=%*/2 < dnpg(r) < 2r=®. Each box
[—27%,0] X i[r,r + r*] can be covered by two discs D1 (r)|J D2(r) with

3. 1.1

Di(r) = D(—§r +i(r + 3" ), \/Qr ),
Ds(r) = D(—lro‘ +i(r+ 17"0‘) i7"0‘)
2 - 2 ) ) \/§ )

both of which fit inside of R, (see Figure 1). The Jensen formula tells us Np(r) :=
#{u;j : pj € Di(r) Da(r)} < Or3e+d(=a) Then

No(r) < / Np(s)dnp(s) < Cplt2a+s(l-a)
1
as claimed. .

7. LOWER BOUNDS ON THE NUMBER OF ZEROS

In order to prove lower bounds on the number of zeros, we will use extensively
the dynamical formula (5.2). In light of [11] we see the series in Proposition 5.1
actually converges for all Re s > §. We will use this in the following proofs when we
select our contours of integration. Let w(s) = Z(is + 0), and suppose {\;}32; are
the zeros of w counted with multiplicity. Let uq(t) € D'(R4) be the distribution

(7.1) ur(t) :=Yy e
J
and let us(t) € D'(R4) be the distribution

I Jo(t — Ln(2))
(72) w@=te 0 X - dg
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where &g is the usual Dirac mass and
Ln(z) = log[(f")'(2)].
Lemma 7.1. With ui, us as above,
(7.3) uy(t) = ua(t)
in the sense of distributions on R .

Remark. We use this distribution identity to make the presentation of the follow-
ing proofs clear, and in order to quote directly Lemma 7.2 below from [15].

Proof. Let we(s) = Z(is+ J +¢) for € > 0. Then w, has a dynamical expansion for
Ims <0, and if {)\j} are the zeros of we counted with multiplicity, then Im A§ > 0
for each j. In light of Proposition 3.1, we see w(s) is an entire function of order 3,
hence the Weierstrass factorization gives

& (w(N) 1
(4 o (o) = 2T

Now

1 N < .
3l :z‘—/ et N gt = —/ 136N =N g
(A=t dZ 0

provided Im \; > 0 and ) is real. Hence the right hand side of (7.4) is

(7.5) o5t = —F (83,
J
and the right hand side of (7.4) is

R e s e

)

where F denotes the usual Fourier transform. Since both of these distributions are
tempered and F is an isomorphism on S’, we conclude

ui(t) = us(t)

away from 0, where

(7.7 ui(t) := Z et
J

and

18 ) =ty L P |det60t_ e

Finally, integrating against a test function in C§°(R4) and sending € to zero gives
(7.3). O

Next we use this distribution identity to count zeros in specific regions.
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7.1. Zeros in Strips. We first recall some notation: we say f(x) = Q(g(z)) as
x — oo if there does not exist any constant C' for which f(z) < Cg(z) as x — oo.
That is, f(z) cannot be controlled by g(z) as x — oo.

Theorem 4. Let § be the dimension of the Julia set, Z(s) the dynamical zeta
function, and {u;} the zeros of Z with multiplicity. Then there exists g > 0 such
that for all 0 < € < eg, #{p;j : Impu;| <7, —Ce™! <Rep; <&} =Q(r'=c).

Observe Corollary 2 implies an upper bound on the number of zeros in strips:
#{p;: Impj| <r,—C < Rep; <6} < Crit?

which suggests this lower bound is in fact not optimal. Instead we have the following
conjecture.

Conjecture 5. There exists ¢g > 0 such that for all 0 < € < €g, there exists
0 < C. < 00 such that

#{uj : Mmpy| < v, —e ' <Rep; <6} > (C7H)r'*?,
where § is the dimension of the Julia set.

Proof of Theorem 4. Let ¢ satisfy ¢ € CP(R), ¢(0) = 1, ¢ > 0 and suppp C
[—1,1], where @ denotes the Fourier transform. Define ¢.,, d( ) = (v~ (t — d) with
le v <1, so that supp @4 C [d —v,d +v] C Ry. Then

(7.9 (. Bra) = (2m) 2 Y 0ra()
and

y (- Lu(2)0)
(10 a0 = 2 f%zidet a1y et

with L (z) = log[(f™)(2)]. If d is chosen near one of the L,(z)s and + is small,
(7.10) is bounded from below by

(7.11) C~tde™,
Next we deal with (7.9). Note ¢ 4 is an entire holomorphic function satisfying

03.d(Q)] = ()] < Caryexp (v — d)Im¢) (1 + ¢~

for any N, Im ¢ > 0 by the Paley-Wiener theorem [9].
Since w is entire of order 3, the Jensen formula gives Ny (r) = #{\; : |\;| <r} <
Cr3. Then for k > 0,

Z ©vy.d(As)

{ImA; >k}
(o)
(7.12) < Crel™ d)”/ 14+ ~r)"Mp2qr
0
(7.13) < Oy 2emdx,

Now assume

N(k,r)=#{N\ 1 [Re)j| <7, Im)\; <k} < Ce(n)rl_
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for some constant C¢(x). Then

(7.14) Z 0y.a(Aj)| < Cy /000(1 + 1) "M N (k,dr) < Cy°.

{Im X\ <x}
Combining (7.12) and (7.14) we get that (7.10) is bounded from above by
Cry 208 4 e,
Hence we have the inequality
Clde=% < Oy 2e-D5 | O
which yields a contradiction once we set v = e7%? with 8 > /e, and Ce™! > k >
d+2(d/e€). O

7.2. Lower Bounds in Logarithmic Neighbourhoods. In this section, we use
a theorem from [15] to get improved lower bounds in logarithmic neighbourhoods
of the real axis. To this end, let A = {);} be the set of zeros for w(s) = Z(is + ¢),
and let A, = {)\; : Im\; < plog|A;|}. Let

Ni(r) = #{x: [l <),

No(r) = #{N e AN <7}
We know Ni(r) = O(r®) from Proposition 3.1. We use a slightly different test
function for this development. Let ¢ € C§°(R) satisfy supp (¢) C [—1,1], ¢(0) = 1,
P(¢)>0forall ¢ €eRand ford>1,v <1, set pya= @y (t—d)). We will need
the following lemma, taken directly from [15]:

Lemma 7.2. Suppose {A;} C C is a sequence of points such that u(t) := 3, et
belongs to D'(Ry). Suppose for some k € R and fixed d > 0 there is a constant
0 < C < oo such that

(7.15) (G| > (@ =) A, Ao

for every p € C§°(R4.) with sufficiently small support such that p(d) = 1. Then for
every sufficiently small € > 0 and p > (n — k)/(d — €2) we have:
a) If k >0, then

(7.16) N, (r) > (ﬁ - 0(1)> Pt

k+1
and moreover
1
_(d—e)Im)\j (7 i k1
Z € > 06(1)) el
N€A,, |Re A, |<r Crm(k+1)
b) If k <0, then for every n >0, there is r(n) > 0 such that
Ny(r) > rT A > r(n).

For a proof see [15]. We will use the first part of the lemma to deduce the
following “honest” linear lower bound:

Corollary 6. For ¢..q and p as above,

(7.17) N,(r) > (C71 — o, (1))r.
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Proof. Using the distribution identity (7.1), we see uy is of the correct form to
apply Lemma 7.2. It remains then only to verify that (7.15) holds with £ = 0. If
f(2) is hyperbolic expanding rational, we can replace f with an appropriate iterate
so that f'(z) > 1 on J. Then nlog(A) < L,(z) < nlog(B) for all n, f*(z) = z,
where A = miny f’(z) and B = max f'(z). Since there are precisely m™ discrete
orbits for each n and the L, (z) — oo, if we fix n we can find +,, small enough and
¢ close to nlog(AB)Y/? so that £ = L,(z) for at least one orbit and

1if Ly(z)=¢
0 otherwise.

erelLn(e)) = {

Then for this ¢ 4, we calculate for ui,us defined above:

o — o —

()N = [(wzer )
_ ~Obn (2)90 d(Ln(Z))efiLn(z))\
- Z ey Grems s o5 )
— &4
(r18) - Z PRy Fo s
Ln(z)=¢
(7.19) > ot

with (7.18) and (7.19) holding because the sums are finite and all terms are positive.
Thus u; satisfies the hypotheses of Lemma 7.2 with & = 0 and (7.16) gives (7.17).
t

8. FINAL COMMENTS

Experimental evidence in [16] suggests Conjecture 5 is true. However, as is
common with this type of estimates, sharp lower bounds have remained elusive.
In order to illustrate the subtlety of this question, we will look at the following
example.

Assume for simplicity that f(z) = 22 + ¢ for ¢ real, ¢ < —2, and that A/B is
irrational, with 1 < A = miny |f'(z)] < B = maxys |f'(z)| as before. Then J is a
Cantor-like set in the real line and all the proofs above go through by complexifying
to C instead of C2. In the proof of Corollary 6, we stated that the distribution of
the L, (z)s is Gaussian with concentration at log(AB)'Y/2. This suggests a simple
model for the zeta function. With A and B as above, we model the distribution
of the L,(z)s in the following fashion. We write L,(z) = ki1 + (n — k)l with
multiplicity (Z), where we have set I; = log A and [y = log B. Using (5.2) as a
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basis, we calculate
B exp ( (Z)) _
Z Z (1—exp(=Ln(2)))

—Z ST S exp(—(s + k)Ln(2))

n f’”(z) z k

-2 Z 2 (1) fexmt—s-+ 1™ (exp( (s + ™"
_Z Z (exp(—(s + k)l1) + exp(— (5+k)12))"
- log (1 — e~ (5TRh _ o—(stk)l2
o )
lo 1 — e~ (st _ = (s+k)l2
g];[ ( )

SO we set

(8.1) Z(s) =] (1 — AR B*(S““)) :

k
This model shares some important features with Z(s). First, it has one zero at
s = 0, where §, solving A% + B® =1, is the “dimension”. Second, it is easy to see
that, since A/B is irrational, there are no other zeros on Res = 4. However, if
Res > —C, we can take

~C H ( —(s+k) B*(s+k))

for some K. Then as |s| — oo, Z(s) ~ CeClsl, whence the number of zeros in
{Res > —C, |Ims| < r} grows linearly.

APPENDIX A

The following lemma is widely known in the literature, but we include a proof
of the general result here for completeness.

Lemma A.1. Suppose Q C R? is an open, bounded, domain, and f : Q — € is
an analytic contraction obtained from a holomorphic function on C identified with
R?. Let f Q — Q denote the extension of f to a holomorphic contraction on a
bounded, domain Q c c2. Suppose z is the unique fized point of f. Then the
pullback operator f* : H2(Q) — H2() has trace

1

(A0 i = ’det (I - df(zl)) ’ .

We first prove this result in the case Q is a ball.

Lemma A.2. Suppose f : Bgz2(z0,7) — Bgr2(20,7') is an analytic contraction ob-
tained from a holomorphic function on C identified with R?, and let f : Bez(z0,7) —
Be2(z0,7') be the holomorphic extension of f to a neighbourhood of Bge(29,7) in C2.
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If 21 is the unique fized point of f, then the pullback by f, f* : H?(Be:(20,7)) —
H?(Bc:(20,7)) has trace

- 1
= det (1—a f(=0))|

Proof. Without loss of generality, zo = 0, and f : Be2(0,1) — Bez(0, p) for some
p € (0,1). Since the group SUc(2,1) acts transitively on the unit ball in C2, by
composing with appropriate Mobius transformations we may also assume z; = 0
(see [1]). We first consider f : Brz(0,1) — Bgz(0,p). The assumption that f is
obtained from a holomorphic function on C means for z € C,

df(0)z = (a+ib)(z + iy) = (ax — by) +i(bx + ay)

for some a,b € R. But this implies d fg2(0) and hence df(O) has the very special
form

a

df(0) = ( ‘Z’; b ) a,beR.
Thus d f (0) is always diagonalizable. Note then that if
df(O) z1\ _ [ az1 — bz
zo )\ bzi4+az )’
then the change of variables
w1 A zZ1 _
Wa zZ9
(A.2) _ 1 ala — Zb) —b(a —.zb) 21
a2 +b2 \ bla+ib) a(a+ib) 22

makes d f (0) diagonal, and further, det A = 1.

We have an orthonormal basis for H?(Bc:2(0,1)) in the form {c,2%}aene for
constants ¢,. We can use the Bergman kernel to write the kernel for the pullback
operator on H?(B¢2(0,1)),

K7o(8) = Y leal (F(2))75°,
so that for each u € H?(B¢2(0,1)),
fru(z) = /BC2 o K. (2, s)u(s)dm(s).

Here dm(s) denotes the usual Lebesgue measure on C2. We will use the change of
variables (A.2) and the fact that f* is trace class to exchange the integral and sum
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in the following to get:
tr f* = / K. (z,2)dm(z)
2 (0 1)

| Sl )am)

C2(0 1) @

[ ST

C2(0 1) «

d f(0)
Lo e (5,0 w0t atdm
i)

0)z + O(|z| )Z%dm(z)

C2(0 1) @

Y (a+ib)*(a—

[0

‘det([ - df(O))‘
O

Proof of Lemma A.1. Let B be the largest open ball with center at z; so that
B C Q. Since f is a contraction and we can always replace f with an appropriate
iterate if necessary, we may assume without loss of generality that f ( ) C B. Now
suppose u is a generalized eigenfunction of f* acting on H2(f(Q)) with nonzero
eigenvalue A. That is,

(A.3) (f*—)\)kuzo, but (f*—)\)k_luaéo

for some k € Z4 and A # 0. We claim u can be extended to an eigenfunction of f
acting on H?(B) with the same eigenvalue. Indeed, if (A.3) holds, we have

o= [ ) oo
— \ j 7
7=0
which motivates setting
k=1 N
(A4) = (—1)FFIAF Z < > (—1) (f*) u.
§=0
The lowest order pullback on the right hand side of (A.4) is order 1, and since
f(B) C f(Q), @ is in H?(B). As (f* — ) commutes with A (f*)*~7, we have

(f*—A)ka=07 but (f*—A)k_la;éo.

Lastly, if u is a generahzed eigenfunction of f acting on H?(B), clearly the re-
striction of u to f (Q ) is a generalized elgenfunctlon with the same eigenvalue for

f* acting on H2(f(€2)). Then the trace of f* acting on H2(f(Q)) and H2(B) are
the same and we can apply Lemma A.2 to get (A.1). O
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