QUANTUM MONODROMY AND NON-CONCENTRATION
NEAR A CLOSED SEMI-HYPERBOLIC ORBIT

HANS CHRISTIANSON

ABSTRACT. For a large class of semiclassical operators P(h)— z which includes
Schrodinger operators on manifolds with boundary, we construct the Quantum
Monodromy operator M (z) associated to a periodic orbit v of the classical
flow. Using estimates relating M (z) and P(h) — z, we prove semiclassical
estimates for small complex perturbations of P(h) — z in the case v is semi-
hyperbolic. As our main application, we give logarithmic lower bounds on
the mass of eigenfunctions away from semi-hyperbolic orbits of the associated
classical flow.

As a second application of the Monodromy Operator construction, we prove
if v is an elliptic orbit, then P(h) admits quasimodes which are well-localized
near +y.

1. INTRODUCTION

1.1. Statement of Results. To motivate our general results, we first present a few
applications. Suppose (X, g) is a compact Riemannian manifold with or without
boundary. Let —A, be the Laplace-Beltrami operator on X and assume u solves
the eigenvalue problem

—Agu = )\2u, ||u||L2(X) =1.

Assume v is a closed semi-hyperbolic geodesic satisfying either v N dX = 0, or
the reflection at the boundary is transversal. Then if U is a sufficiently small
neighbourhood of v, we prove

(1.1) / lu|?dz > L, [A] = oo.
X\U log [\l

From [Chrl, Chrla], we have an application to sub-exponential decay of L2
energy for the damped wave equation: suppose a(z) is positive outside of U and u
satisfies

u(z,0) =0, Ow(z,0)= f(z).
Then for every € > 0 there exists C' > 0 such that

{ (07 = A+ 2a(x)0;) u(z,t) =0, (x,t) € X x (0,00)

2 _41/2
1wl Faxy + VUl 7axy < Ce™ /N f e (xy-

In addition, we have two dispersive type estimates from [Chr2]. The first is
a local smoothing estimate for the Schrodinger equation. Suppose X is a non-
compact manifold which is asymptotically Euclidean, and there is a hyperbolic
closed geodesic ¥ C U € X. Then for every € > 0 there exists C' > 0 such that

T 2
it(A,—V(x)) 2
/0 Hpse ’ UOHHI/%e(X) dt < Clluolzzx).
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where p, € C>°(M) satisfies

ps(x) = (dg(z,20)) "
for z¢ fixed and x outside a compact set, and V € C*(M), 0 <V < C satisfies

IVV| < C (dist (2, z0)) " ~°
for some 6 > 0.

The second dispersive estimate is a sub-exponential local energy decay rate for
solutions to the wave equation in odd dimensions m > 3. Suppose X is a non-
compact Riemannian manifold which is Euclidean outside a compact set, and sup-
pose u solves

(=D? — Ay + V(2))u(z,t) =0, X x [0,00)
{ uw(z,0) =ug € HY(X), Diu(z,0) = u; € L*(X)

for up and u; smooth, compactly supported, where V' € C>°(M) satisfies
exp(—dist 4(x,79)*)V = o(1).
Let ¢ € C*(X) satisfy

o = exp(—dist o (z, 20)?)

for = outside a compact set and zo fixed. Then for every e > 0 there exists C' > 0
such that

ledrulz ) + bl )
1/
< Ce 1 (Jl9uue, 0)3e (x) + lu(a, 0) e x) ) -

For the general statement of results, let X be a smooth, compact manifold. In
this introduction, we state the Main Theorem only in the case X = (). The case
with boundary will be considered in §2. We take P(h) € \IIZ’O for £ > 1 and assume
P(h) is of real principal type. That is, if p = C>°(T*X) is the principal symbol of
P(h), then p is real-valued, independent of h. Assume p~!(E) is a smooth, compact
hypersurface and dp(z, £) # 0 for energies E near 0. We assume p is elliptic outside
of a compact subset of T*X: there exists C' > 0 such that

€] > C = p(z,€) > (&)* /C.

Let ®; = exptH, be the Hamiltonian flow of p, and suppose ®; has a closed,
semi-hyperbolic orbit v C {p = 0} of period T. The assumption that v be semi-
hyperbolic means if N is a Poincaré section for v and S : N — S(N) is the
Poincaré map, then the linearization of S, dS(0), is nondegenerate and has at least
one eigenvalue off the unit circle. For the eigenvalues of modulus 1 we also require
the following nonresonance assumption for the Poincaré map at the energy 0:

(12) if etion eFioz e Fiek are eigenvalues of modulus 1, then
) a1, Qa,...,qr are independent over 7wZ.

Our Main Theorem is that for a family of eigenfunctions w(h) for P(h),

P(h)u(h) = E(h)u(h), E(h) — 0 as h — 0,
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u(h) has its mass concentrated away from +. This is made precise in the following
theorem.?

Main Theorem. Let A € \I'%O(X) be a pseudodifferential operator whose principal
symbol is 1 near v and 0 away from ~y. There exist constants hg > 0 and C' > 0
such that

full < By puyu) + 0 log (7R~ Ayl

uniformly in 0 < h < hg, where the norms are L?> norms on X. In particular, if
u(h) satisfies
{ P(h)u(h) = O(h>);
[u(h)|lr2x) = 1,

1

17 = A)ull 2y > = (log (1/h)) "2, 0 < h < ho.

Q]

Remark 1.1. In §2 we assume P(h) € Diff; (X) is a differential operator on X and
that X is noncharacteristic with respect to the principal symbol of P(h). Then a
similar conclusion to the Main Theorem holds (see Main Theorem’ in that section).

—~

Remark 1.2. In §9, we give a partial converse to the Main Theorem in Theorem
7. That is, the techniques of the proof of the Main Theorem are used to show if the
periodic orbit v is elliptic, then P(h) admits quasimodes which are well-localized
to 7. This result is well-known in the literature (see, for example, [Ral], [CdV], and
[CaPo] and the references cited therein), however to our knowledge the use of the
Quantum Monodromy operator to construct these quasimodes is new.

Remark 1.3. We interpret the assumption that v be semi-hyperbolic as follows: if
~ were fully hyperbolic, then we know from [Chrl] that the mass of eigenfunctions
cannot concentrate very rapidly (as the eigenvalue goes to infinity) near v. However,
we know from Theorem 7 below that if v were fully elliptic, then there are at least
approzimate eigenfunctions with all their mass concentrated near . The rough
heuristic is that if v is hyperbolic in at least one direction in phase space and a
sequence of eigenfunctions were to concentrate rapidly near v, then they would have
to do so in a lower dimensional set - a clear violation of the uncertainty principle.
Of course the proof is quite a bit more technical. The nonresonance assumption on
the elliptic eigenvalues is necessary in order to assume there are no other periodic
orbits in a neighbourhood of v in the set {p = 0}. This in turn implies (see, for
instance [AbMa, Theorem 28.5]) that there is a range of energy surfaces {p = z}
near z = 0 in which there is an isolated periodic semi-hyperbolic orbit. The family
of these orbits is diffeomorphic to a cylinder.

Remark 1.4. The estimates in this work are all microlocal in nature, hence we
lose nothing by assuming X is compact. In order to apply these estimates in the
case of non-compact manifolds, we assume P is elliptic outside a compact set (that
is, [p| = (€)* /C for |(x,€)| > C) and the geometry is non-trapping outside of a
compact submanifold and then apply our results there. See [Chr2] for more on this.

1n the interest of length, for background, definitions, and standard material referenced in this
paper, we refer the reader to [Chrl, §2] and the references cited therein, as well as to the excellent
online book of Evans-Zworski [EvZw].



4 HANS CHRISTIANSON

The Main Theorem is the similar to [Chrl, Main Theorem| with three gener-
alizations, namely that we no longer assume the linearized Poincaré map has no
negative eigenvalues, we allow some eigenvalues of modulus 1, and in §2 we allow
to reflect transversally off X with some extra assumptions on P(h). This allows
study of, for example, billiard problems in any dimension. The problems encoun-
tered in [Chrl] with these cases come from attempting to put p into a normal form
in a neighbourhood of v C T*X.

The motivation for the proof in this paper is to reduce the problem of studying
the resolvent (P — z)~! in a microlocal neighbourhood of 7 to studying a related
operator on the Poincaré section N.

If we identify N with T{ N ~ R?"~2 near 0, we are led to study operators acting
on L?(V), where V. C R""!. In the course of this work, we will see the relevent
object of study is the Quantum Monodromy operator M (z) : L*(V) — L?(V). By
setting up a Grushin problem in a neighbourhood of

v % (0,0) C T*X x T*R™

and using the microlocal inverse constructed by Sjostrand-Zworski in [SjZwl], we
will see it is sufficient to bound || — M (2)||z2(v)—r2(v) from below. This will result
in the following theorem.

Theorem 1. Suppose P € \IJZ’O is a semiclassical pseudodifferential operator of
real principal type satisfying all of the assumptions of the introduction, and assume
yNOX = 0. Then there exist positive constants C, cg, hg, €9, and a positive
integer N such that for 0 < h < hg, z € [—eo, €0] + i(—coh, coh), if u € L?(X) has
h-wavefront set sufficiently close to -y, then

(1.3) 1(P = 2)ull p2(xy = O ™ |Ju]| 2 (x)-

Theorem 1 allows us to add a complex absorption term of order h supported
away from ~y. Let a € C*°(T*X) equal 0 in a neighbourhood of v and 1 away from
v, and define

(1.4) Q(z)u = P(h) — z — ihCa"

for a constant C' > 0 to be chosen later. Then a semiclassical adaptation of the
“three-lines” theorem from complex analysis, will allow us to deduce the following
estimate.

Theorem 2. Suppose Q(z) is given by (1.4), and
z € [—€0/2,€0/2] + i(—ch/log(1/h), ch/log(1/h))

for eg, ¢ > 0 sufficientlyl small. Then there is hg > 0 and 0 < C < oo such that for
0 < h < hyg,

log(1/h)
h

As an intermediate step to proving Theorem 2, we first prove a similar statement
about an operator with a larger absorbing term. Let W € C*°(T*X), W =0 in a
small neighbourhood of v and W = 1 away from . We define a perturbed family
of operators

(1.6) Q(z) = P(h) —z — iW™.
We have the following Theorem.

(1.5) ,<C

HQ(Z)_l HL2(X)HL2(X
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V(z)=0
FIGURE 1. A con- FIGURE 2. The
fining potential V' (z) level set V(z) = 0
with two bumps at and the closed hy-
the lowest energy perbolic orbit v re-
level £ < 0. flecting off the “soft”
boundary.

Theorem 3. Suppose Q(z) is as above, z € [—eo/2,€0/2], and W = 1 outside a
sufficiently small neighbourhood of v. Then there is hg > 0 and 0 < C' < 0o such
that for 0 < h < hy,

(17) |3 closW/h)

L2(X)—L2(X) h

If ¢ € C°(X) is supported away from =y, then

C\/log(l/h)

L2(X)—L2(X) — h

(18) |2

Theorem 2 follows from Theorem 3 using the control theory arguments exactly
as in [Chrla].

1.2. Examples. There are many examples in which the hypotheses of the theorem
are satisfied, the simplest of which is the case in which p = |¢|>— E(h) for E(h) > 0.
Then the Hamiltonian flow of p is the geodesic flow, so if the geodesic flow has a
closed semi-hyperbolic orbit, there is non-concentration of eigenfunctions, u(h), for
the equation

—h?Au(h) = E(h)u(h).

Another example of such a p is the case p = |£|? + V (), where V() is a confining
potential with two “bumps” or “obstacles” in the lowest energy level (see Figure
1). In the appendix to [Sjd] it is shown that for an interval of energies V(x) ~
0, there is a closed hyperblic orbit v of the Hamiltonian flow which “reflects”
off the bumps (see Figure 2). Complex hyperbolic orbits may be constructed by
considering 3-dimensional hyperbolic billiard problems (see, for example, [AuMa,
§2]). In addition, Proposition 4.3 from [Chrl] gives a somewhat artificial means of
constructing a manifold diffeomorphic to a neighbourhood in T*S%w) X T*R?w_)g)
which contains a hyperbolic orbit v by starting with the Poincaré map ~ is to have.
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In the appendix, we examine the Riemannian manifold
M=R;/Z xRy xR,
equipped with the metric
ds® = cosh® y(22* — 22 +1)2da? + dy* + d2?,

which has a semi-hyperbolic closed geodesic at y = z = 0 and two hyperbolic
closed geodesics at y = 0,z = £1/2. Restricting y and z to compact intervals
yields a compact manifold satisfying the hypotheses of the Main Theorem, while
the non-compact manifold provides a model for possibly extending the dispersive-
type estimates to the semi-hyperbolic case.

1.3. Organization. This work is organized as follows. In §2 we first state the
versions of Theorems 1, 2, and the Main Theorem in the case of a compact man-
ifold with boundary, then review the classical picture of a closed orbit reflecting
transversally off the boundary, and prove a propagation of singularities result at
the boundary. §3 gives the definition and basic facts about the Quantum Mon-
odromy operator M (z), while §4 shows how M (z) arises naturally in the context
of a Grushin problem. §5 presents the main ideas of the proof of Theorem 1 by
considering a model. In §6-7 the proof of Theorem 1 is presented, while the proof
of Theorem 2 and the Main Theorem is reserved for §8. Finally, in §9, we show
how the Monodromy operator construction can be used to construct well-localized
quasimodes if v is elliptic. In the appendix, we provide a concrete example of a
semi-hyperbolic orbit.

1.4. Acknowledgements. The author would like to thank Maciej Zworski for
much help and support during the writing of this work, as well as Nicolas Burq for
suggesting study of the monodromy operator as a means of tackling the boundary
problem. He would also like to thank Herbert Koch for suggesting the generalization
to semi-hyperbolic orbits, and Michael Hitrik for much help in working out the
model case for Theorem 7. The majority of this work was conducted while the
author was a graduate student in the Mathematics Department at UC-Berkeley
and he is very grateful for the support received while there.

2. MANIFOLDS WITH BOUNDARY AND PROPAGATION OF SINGULARITIES

In this section, X is a smooth, compact, n-dimensional manifold with bound-
ary. We assume P € Diﬁ'i’%b is a second order differential operator whose principal
symbol p is a quadratic form in ¢ and 90X is noncharacteristic with respect to p.
We adopt a microlocal viewpoint in which 90X is identified locally with a nonchar-
acteristic hypersurface Y C R™. Our local model for X near YV is X = R™ with
Y ={z € R": 2y = 0}. We study the boundary value problem

(g

in a neighbourhood of a closed bicharacteristic for the flow of H,, reflecting transver-
sally off Y, and for energies z near 0. Our final goal is to describe propagation of
singularities at the boundary. First we will prove factorization lemmas and energy
estimates near Y, and then prove the main result of this section, which is that the
microlocal propagator of P — z can be extended in a meaningful way through the
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reflections at the boundary. The Main Theorem has the following analogue in the
case v reflects transversally off 0X (see §2.1 for definitions).

Main Theorem’. Suppose P(h) € Diffy(X) and dX is noncharacteristic with
respect to the principal symbol of P(h). Assumey makes only transversal reflections
with 0X . Let A € \If%%b(X) be a pseudodifferential operator whose principal symbol
is 1 near v and 0 away from ~. There exist constants hg > 0 and C > 0 such that

Jull < B8 Py + Crog(1/my)(1 — Ayl

uniformly in 0 < h < hg, where the norms are L?> norms on X. In particular, if
u(h) satisfies

{ P(h)u(h) = O(h*);
lu(R)||L2x) = 1,

1 _
I = A)ullpagxy 2 7 log ((1/R)) Y, 0<h<h.

As in §1, Main Theorem’ is a consequence of the following versions of Theorems
1 and 2 in the case of a manifold with boundary.

Theorem 1°. Suppose P(h) € Diffs.(X) and X is noncharacteristic with respect
to the principal symbol of P(h). Assume v makes only transversal reflections with
0X. Then there exist positive constants C, cg, hg, €9, and a positive integer N such
that for 0 < h < hg, z € [—€o, €0) + i(—coh, coh), if u € L*(X) has h-wavefront set
sufficiently close to v, then

(2.2) I(P = 2)ull p2(xy = O ™ || 2(x)-

As in the introduction, we add a complex absorbing term: let a® € ¥}, 4, equal
0 in a neighbourhood of v and 1 away from  (according to the equivalence relation
defined in §2.1), and define as usual

Q(z)u = P(h) — z — ihCa"
for a constant C' > 0 to be chosen later. We have the following version of Theorem
2.
Theorem 2°. Suppose Q(z) is given as above, and
z € [—€0/2,€0/2] + i(—ch/log(1/h), ch/log(1/h))

for eo, ¢ > 0 sufficientlyl small. Then there is ho > 0 and 0 < C' < oo such that for
0 < h < hy,

_ log(1/h)
(2.3) 1QG) ™ N ax) 220y S O3

Just as in the introduction, before proving Theorem 2, we first need an auxiliary
theorem. Let W € C*°(T*X), W = 0 in a small neighbourhood of v and W =1
away from 7 (again using the equivalence relations in §2.1). We define a perturbed
family of operators

Q(z) = P(h) — z —iW™.

We have the following Theorem.
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Theorem 3°. Suppose Q(z) is as above, z € [—e0/2,¢0/2], and W = 1 outside a
sufficiently small neighbourhood of v. Then there is hg > 0 and 0 < C' < 0o such
that for 0 < h < hg,

2.4 |@e| croel/)

L2(X)—L2(X) h

If ¢ € C°(X) is supported away from 7, then

c V1og(1/h)

L2(X)—L2(X) h

(2:5) |G

Theorem 2 follows from Theorem 3 using the control theory arguments exactly
as in [Chrla].

2.1. Normally Differential Operators. In the case X is a smooth manifold with
boundary, we define pseudodifferential operators which are differential in the nor-
mal direction at the boundary microlocally. For a microlocal definition, it suffices
to assume X = {x; > 0} and 90X = {z; = 0}. Then the algebra of pseudodiffer-
ential operators which are normally differential at the boundary is defined by the
following:

vhm(x 0f) = {A@,hD,) e v
h,db\Xs5 30y ) = y Wl g hoo-

k
A(e,hD,) = 3" Ay(a, th,)(th)j}.

=0

Suppose ¢ € C*(X, Qi), and xg € 0X. Using local coordinates at the bound-
1
ary, we write o = (0,2() € {z1 > 0}. Then ¢ € C>*(X,Q3%) means there is
a smooth extension ¢ to an open neighbourhood of zy € R™. For a distribution
1
u € D'(X,0%), we extend the notion of WF(u) to a neighbourhood of the bound-
ary. We say (o, &0) = (0,x(, &) is not in WF,(u) if there is a product neighbour-
1

hood (z0,&) € U x V C R?" and a normally differential operator A € \Il?l’y(ib(U, Q7))
such that op(A)(z,&) # 0 and

Au € h=C=((0,1]5;C= (U, Q2)).
Observe if u is smooth,
(WFru)|lox C WFp(ulox) U (supp (ulox) x N*(0X)).

Similarly, using our identification of the h-wavefront set of a pseudodifferential
operator as the essential support of its symbol, A € \I’%}?jb with o, (A) # 0 at
(0, 2, §o) implies the & direction is always contained in the h-wavefront set of A.

We are going to be interested in symbols which are compactly supported in T* X,
so we will need a notion of microlocal equivalence near the boundary which allows us
to consider operators which are both normally differential and compactly supported
in phase space. For this we return to our local coordinates at the boundary. Let
zo € 0X, g = (0,7}), and let U x V be a product neighbourhood of (zg,0) in R?"
such that V is of the form V = [—e¢g, €0]e, X Ver. By using the rescaling

(x1,61) = (T1/A, A1),
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& = —r3(0,a), &)
'Y\
/ e
Y- Y+

A Ty

T
’ AN T X ,/ \ & =72(0,20,&)

FIGURE 3. The incoming and outgoing bicharacteristics. Observe
the reflection of v is continuous in a neighbourhood of H in T*Y
but not in T* X, while the transmission of 7 is continuous in both.

the ellipticity of P outside a compact set implies p > C~! in

(Cl—€0, €0]) X Vr.
Choose 9 € C*(R) satisfying
(2.6) P(t) =1 for |t] < e,
(2.7) P(t) =0 for |¢| > 2.
We say two semiclassically tempered operators T and T are microlocally equivalent
near (U x V)% if for all A, A’ € \IJ?I’EHJ satisfying

proj(, ¢y (WF,A) is sufficiently close to U x Vg,
and similarly for A’,
Y(P(h)A(T = T')p(P(h)A" = O(h>) : D'(X) — C*(X).
In particular, if A € \I!%.?ib, we say A is microlocally equivalent to
P(P(h))A

and we will use this identification freely throughout.
2.2. Propagation of Singularities. This section is basically a semiclassical adap-
tation of some of the propagation of singularities results at the boundary presented
in [Hor, Chap. 23]. According to [Hor, App. C.5], under the noncharacteristic

assumption we can find local symplectic coordinates near Y so that Y = {z; = 0}
and (possibly after a sign change)

(2.8) p(a,€) =& —r(x,€), € =(&,....&)
We define the hyperbolic set H C T*Y":
H:={(2,¢):r(0,2',¢) > 0},
on the lift of which the characteristic equation has the two roots {z1 = 0,&§ =
+r(z,¢)2}. Thus the Hamiltonian vector field of p,
Hy, =2610;, — 0crrOy + 0270k

points from Y into {z; > 0} or {z1 < 0}, respectively, depending on which root of
r we choose. We call the corresponding bicharacteristic rays outgoing and incoming
and write 4 and v_ respectively (see Figure 3). We have the following factorization
of the operator P — z in our microlocal coordinates.
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Lemma 2.1. There is a factorization of P — z near H:
P—z=(hDy— A_(x,hD"))(hDy — Ay (z,hD"))
with Ay € \Il,ll’?ib having principal symbol +r3.

Remark 2.2. We remark r(z,¢’) and Ay (z, hD’) implicitly depend on the energy
z, although we don’t explicitly note this dependence where no ambiguity can arise.

Proof. We follow the proof for the h independent version of the lemma found in
[Hor, Lemma 23.2.8]. Using the coordinates above, the principal symbol of P — z
is (2.8). Set AL = Op (£r2) so that

P —z— (hDy — AL)(hDy — AL) = Ri(x, hD) microlocally,
where o, Ry = O(h) is independent of &;.
Suppose now we have Ai with principal symbols +r? such that
P — 2z — (hDy — AV)(hD;y — A%) = R;(z, hD) microlocally,
where o4, R; = O(h7) is independent of &. Choose a’ (x,¢') = O(h?) satisfying
onR;j(x, &) +2d” (z,¢)r2 (x,¢) =0,

which we can do since 72 > 0 near H. We will similarly add afr(x, hD'’) to Ai,
where a’, = O(h7) is determined by the following calculation:

P—z— (hDy — AL —d’ (x,hD"))(hDy — A}, — d’, (z,hD")) =
= Rj(z,hD) — a’ (x,hD')(hDy — A%) — (hDy — AL)(d, (x,hD"))
+a’ (x,hD")a’, (z,hD") microlocally.
On the level of principal symbol, this yields the requirement that
onR(w, &) = al (2,8) (& —r? (@,€)) — (&1 + 7% (2, &), (2,8) =
= —al (@) (& +r7(@,¢) - (& 477 (2,8))d} (x,€)
= 0,

which gives ai (x,&) = —a’ (z,&"). By induction and Borel’s Lemma the argument
is complete. (Il

We have also a microlocal factorization P — z = (hD; — A, )(hD; — A_), where
the principal symbols of Ay are +r? as in the lemma. Suppose the y. intersect
T*Y at (z(,&)). On v_ we have & = —rz, 50 (hDy — A, ) is elliptic near y_. Then
to solve (2.1), we need only solve (hDy — A_)u = (hD; — A, )~ f = f.

Lemma 2.3. Suppose u solves the following Cauchy problem in R} :

(hDy — A u=f, ©1 >0
2.9) {uuﬂ—ww»
Then

(2.10) sup [[u(y, )l L2, ®n-1x{a=y}) <

<y<To

Cr, . =
< Cllellez, @ xqe=op + TOHf||L1([o,TO],L2(Rn—1)).
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Proof. Consider

1
561}”/“’(3/")||%2(R"*1><{x1:y}) = <ayu7u>$’
Im

= —T<hD1u,u>m/

1 _
< plluy e 1 Gy )lee,

1 -
< sl N, + el
which by Gronwall’s inequality gives the lemma. 0

Recall the semiclassical Sobolev norms || - || 1 are given by

2

T /V (D) ul*dx

la|<k

We observe that since P is elliptic outside a compact set and (hD — /Lr) is elliptic,
replacing f with f and conjugating A_ above with the invertible operators (C+
P)*/? for sufficiently large C' > 0, we can estimate the L? norm of v = (C'+ P)*/?u,
and we get the Sobolev estimate

su u(y, 5) , (Rn— —) <
Ogygﬂ)ﬂ s M (Es) . @1 x {z1=y})

Cr,
< Cllelicy), @n-txqzi=op) + = fllLo o), my 1)

We are interested in proving the existence of a microlocal solution propagator,
hence we assume the wavefront set of f is contained in a compact set K in a
neighbourhood of y_ near Y. We assume as well that K is contained in a single
coordinate chart U on which the assumptions of [EvZw, Theorem 10.18] hold.
Suppose K C {T1 <1 < Tz} and U C {T] < 1 < T3}.

Proposition 2.4. There are exactly two microlocal solutions u;, i = 1,2 to (hDy —
A_)u = f microlocally near ~vy_ satisfying

(2.11) up = 0 microlocally for x1 < T1,
(2.12) ug = 0 microlocally for x1 > Ts.

Proof. First we prove the proposition in a neighbourhood of WFy, f . Let K be the
coordinate representation of K. Apply [EvZw, Theorem 10.18] to write (hD;— A_)
as hD; in these coordinates. We write in the z-projection of this coordinate patch,
T ~
/ fly,2")dy,
—o0
—+oo

]
ui(z) = n
1

@) = -~ [ )

which satisfies (hD; — A_)u = f with (2.11-2.12). Back in the original coordinates
on our manifold, set u; = 0 for 1 < T] and ug = 0 for x; > T5. To continue,
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we will employ the energy estimates in Lemma 2.3. Suppose u is a solution to
(hDy — A_)u = f. Then for v € C°([0, Tp) x R*71),
To

/OT° (unthDy = Ayo)dy= [ (F o)y + a0, 000,

since in the Weyl calculus real symbols are self adjoint. But from the proof of
Lemma 2.3, replacing y with Ty — y, we have since lim,_, 7, v(y,-) =0,

c [
swp [0l ez, < 5 [ lollez d,
0<y<To v 0 *

with g = (hD; — A_)v. We then have

oF T
fyuo,.
< Lo [T gl .
ol

For h > 0 we can extend to g € L? the complex-conjugate linear form

To
g [ Fhedy + Ha(0.,000. )

by the Hahn-Banach Theorem. Thus by the Riesz Representation Theorem, for
f € C> with sufficiently small wavefront set, we can find u € C>([0,Tp), L2)
satisfying (hDy — A_)u = f.

For the uniqueness given by the conditions (2.11-2.12), note that if f = 0 and
u(0,-) = 0 in (2.10), u is zero. Replacing x; by Ty — x1 we get the backwards
uniqueness result. ([l

T b
[ vty 09,000,

Since u; is supported in the forward direction along the bicharacteristic v_, we
refer to uy and us as the forward and backward solutions respectively. Let u_ = uy
be the forward solution along the incoming bicharacteristic y_. So far we have
proved the solution u_ satisfies (P — z)u_ = f near v, u— = 0 microlocally for
x1 larger than the support of f, and u_ restricted to the boundary is controlled by
h~'in L? if the wavefront set of f is sufficiently small.

The same energy method techniques can be used to solve the problem

(2.13) { (P—z)uy =0, in X,

utly = u-ly
near v+ so that u = u_ — ug solves (2.1).
Corollary 2.5. If f € Hp® has sufficiently small wavefront set and u solves (2.1),
then
u € CH([0, To, Hj(R"™1))
for every s. In particular, u(y,-) € C®°(R"™! x {z1 = y}) for each fized y € [0, Tp).

In order to describe propagation of singularities near the boundary, we first need
the following lemma.

Lemma 2.6. Let v+ be an interval on the outgoing bicharacteristic with one
endpoint at (0,:66,7‘(071'6,56)%,56). Then there is a pseudodifferential operator
Q(z,hD") € \IJ%V%b which satisfies

(i) on(Q) = 0 microlocally outside a neighbourhood of

{(2, &) : (,7(2,€)2,€) € 74},
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(i1) Q is noncharacteristic at (xy, &), and
(i11) [Q(x,hD"),hD1 — Ay (x,hD")] = 0 microlocally near 4.

Proof. The principal symbol of the commutator [Q(x, hD’),hD; — A, (x,hD’")] is
—ih{onQ(@, &), & =12 (2,8)} = ih(0s, — H 3)onQ.

First we solve the Cauchy problem

Qo=qo, 1 =0
so that Qg is constant on orbits of the Hamiltonian system
T = —65/5(1'75/);

(215) { g = 8I/b(‘rv 5/)7
where (*) := 8,, and b(z, &) := r2(z,£). Let xa, (y,7) be a solution to (2.15) for
initial conditions close to (z(), &) valid for 0 < z3 < T, say. If T' > 0 is sufficiently
small, then x, is invertible and Qo(z,¢’) = qo(x; ! (2, &) is the solution to (2.14).
Now if we select qo compactly supported and go = 1 in a neighbourhood of (x{, &),
we satisfy conditions (i)-(ii) with

[QO(Ia th)a hD; — A+(:C7 hD/)] = Rl(Ia th)a opRy = O(h’z)a
since & only appears as a monomial of first order in the principal symbol. Now
suppose we have Q(z, hD') satisfying (i)-(ii) and

[Q(x,hD"),hDy — Ay (x,hD")] = R;(x,hD"), onR; = O(h'*).
We solve the inhomogeneous Cauchy problem

{ ih (611 - Hb) Qj('rvg/) = _O'hRj('rvf/)a reT*X
Qj=¢;, v11=0

for Q; = O(h7) and ¢; = O(h?), which we do by setting

x1

Q13 1) = a5(m) + @) [ oo ).
0
Then Q = Q + Q, satisfies (i)-(ii) and
[Q(z,hD'),hDy = Ay (x,hD")] = Rjs1(z,hD"), onRjp1 = O(W*?).
By induction, the argument is finished, by setting ¢; = 0 for j > 0. O

Now suppose ¢ € C°(R"1), where we identify Y with R"~! near (z{,). Suppose
further that (z,£&)) € T*(R"™1) \ WFy¢ and 4 N (xf,£)) # 0 as before. Choose
Q@ as in Lemma 2.6 so that

[Q(l‘7 hD/)7 hDy — A+(1’, hD/)] =0

microlocally and if ¢ is the principal symbol of @, then ¢(0, z(, &) # 0, but ¢(0, -, -)
vanishes outside a small neighbourhood of (z(),&()). Thus Q(z, hD’)¢ = 0 microlo-
cally. Suppose u4 solves (2.13) with ¢ replacing u_|y. Then Qu. satisfies

(hD1 — A4 (z,hD")) Q(x,hD")uy =0, x1 >0
Q(z,hD"Yuy =0, 1 =0

microlocally. Hence by the energy estimate (2.10) Q(z, hD’)uy = 0 microlocally.
We conclude WF,uy C charg.
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We have proved the following proposition.

Proposition 2.7. With the notation as in the preceding paragraphs, WFpuy C
X1 (WFRp) and WEpu_ C x—y, (WFyp). Further, as the x1 direction is reversible,
if at some 0 < x1 < Ty, (v',n') € WFruy(z1,), then x—o, (v, 0') € WFLe and
X-a1—y (¥, 1) € WFhu_(y,-) for 0 <y < Tp.

In the special case Y = X we have the following lemma to connect the notions
of h-wavefront set near v, and ~y_.

Lemma 2.8. Let (z(,&)) € H N~ be the reflection point at the boundary, let X,
be a solution to (2.15) as above, and let ¢, = exp(tH,). Then there is an odd
diffeomorphism t = t(xz1) and a function & = &1 (x1) such that (z1,&1; Xa, ) lies on
Y+ and (x1,&1;X—x,) lies on y_ for x1 > 0 sufficiently small. That s, X, (2(,&))
coincides with the (z',&") components of

SDt(O7 1‘6, ’I“% (07 w67 56)7 5(/))7

Proof. Write b(z,¢') = r2(z,£') as in the proof of Lemma 2.6, and note y_,, is
the solution to (2.15) with b replaced with —b. ¢, satisfies the following differential
equation on 7y4:

(9tx1 =2b

atl'/ = —2bb5/

9,1 = 2bb,,

8,55/ = 2bbx/;

T (0) =0

2’ (0) = x|

£1(0) = b(0, 2, &)
£(0) = &.

Set (y'(z1), 1" (1)) = Xa (70, £0)s

(2.16) o) = / " 2b(y, o (). ().

and calculate

O , 0,0t
ox" T 0t om
= _bﬁ/(xlvxlvg)
_ 9
= 8—x1y

As 2’ and y’ have the same initial conditions, we conclude they are equal for suffi-
ciently small ;. For negative ¢, we define t = ¢(x1) in the incoming bicharacteristic
to be the negative of that on the outgoing bicharacteristic, and a similar proof ap-
plies to x—_z,- (I

Remark 2.9. With the addition of Lemma 2.8 we could write Proposition 2.7 in
an equivalent form using exp(tHp) in place of x,. The important thing is that the
wavefront set does not depend on &;.
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WEFy, f

FIGURE 4. Proposition 2.7

2.3. Microlocal Propagator at the Boundary. We now return to the special
case where Y = 0X. In the next section we will construct the Quantum Monodromy
operator using the microlocal propagator. Suppose first X is a manifold without
boundary. We define the forward and backward microlocal propagators of P — z,
I3 (t) = exp(Fit(P — z)/h), by the following evolution equation:

{ hDI%(t) + (P —2)I2(t) =0
I7(0) = id g2 2.

In the case of a manifold without boundary, this is a well-defined semigroup satis-
fying [I5(t), P — z] = 0 and

WEF,I7 (t)u C exp(£tH,)(WFpu).

We will show for P € Diffi’o with homogeneous principal symbol on a manifold with
boundary, the microlocal propagator can be extended in a meaningful fashion as a
family of microlocally defined h-FIOs with symbols which depend discontinuously
on t at points of reflection with the boundary, but still carry the commutator and
wavefront set properties above.

Suppose v reflects off 0X at the points

m4 = (Oa ‘r107 :l:’l"% (07 1’6, 56)7 56)7
with the incoming and outgoing rays, v¢, intersecting 0X at ms respectively.
Since p is assumed smooth up to the boundary, we may extend p and y_ to a
neighbourhood of m_ in {z; < 0}. We will show that functions v(z’) defined on
0X can be identified with the microlocal kernel of P — z in a neighbourhood of m_.
We factorize P — z as in Lemma 2.1, P — z = (hDy — Ay )(hD1 — A-) microlocally
near m_. Near y_ the operator (hDy — A, ) is elliptic. Thus we want to be able
to solve
(th — fl_)u =0, z; >0,

(217 L0 2 2

for any boundary condition v, microlocally near m_. The proof of the following
standard Proposition can be found in [EvZw, Theorem 10.9].
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Proposition 2.10. There is a microlocal solution to (2.17) given by the oscillatory
integral

1 Z h w7£/ _ /7£/
(2.18) u(z) = W/e/ (@)= ENp(z, & Yo(y')de dy,
where b(0,2',&") = 1 microlocally near (), &) and ¢ solves the eikonal equation
(2 19) 81130(;5,5’) - a(maam’@(%fl)) = Ou Ty > 07
. 90(071./75/) = <x/7§I>7 Ty = 07

with a = op,(A_). Further, u(z) is unique microlocally.

Proposition 2.11. Let X be a manifold with boundary, P € Dzﬁ‘i’%b be a differ-
ential operator with homogeneous principal symbol p, and assume 0X is nonchar-
acteristic with respect to p. Let Uy C T*X be a neighbourhood of m4 € T*X, and
assume P — z and p — z are factorized near the boundary as in Lemma 2.1 and
equation (2.8) respectively.

(i) For each mo € y— NU_ sufficiently close to m_, and z € [—eg, €g] for g >0
sufficiently small there exist h-FIOs, 17 (t), defined microlocally near

exp(xtH,)(mg) x mo
satisfying

(2.20) { hD,I%(t) % (P — 2)()I5(t) = 0

I7(0) = id p2. e,
for t # t1, where m_ = exp(t1Hp)(mo).

(ii)) We have [(P — z)(t),I5(t)] = 0 for all t # t1 sufficiently small, and if
u(z) € L? is a microlocal solution to

(P—2u=fel? zeX,
(2.21) { u=0, v€dX

near mo, then I% (t)u(x) is a microlocal solution to (2.21) near exp(+tH,)(my).
(111) If WFpu C K, where K is a compact neighbourhood of a point my,

WF,IZ (t)u C exp(£tH,)(K).

Proof. Fix my. According to [EvZw, Theorem 10.18], P — z may be conjugated to
hD,, in a neighbourhood of mg. Then we use the proof of Proposition 2.4 to find
a solution u_ 1 to (P — z)u = f near mg. Use the microlocal forward propagator
defined for a neighbourhood of v_ extended to a neighbourhood of m_ to define
u_,1 along y_. That is, I5 (t)u_ 1 satisfies

(P —=2) L ({Hu—n = f

microlocally near exp(tH,)(mp), 0 < t < t1. Let v_(z') = I(t1)u— 1|sx, and use
Proposition 2.10 to find a function u_ o satisfying

(P—2)u_2=0
u_2lox = v_(z')
microlocally near m_. Let
U—- =u-1 — Ii(—tl)’u,,ﬁg,

so that I7 (t)u_ satisfies (2.21) microlocally near exp(tH,)(mo), 0 <t < t;.
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Fix mo = exp(toH,)(mp) € v+ sufficiently close to m. that we can similarly
construct I75 (ta — t)uq satisfying (2.21) microlocally near exp(—tH,)(mz) for 0 <
t <ty —t;. We extend I7(t) to be discontinuous at ¢;, so that if u solves (2.21)
microlocally near my,

I7(t)u = u_ +uy
with
WFruyr C UL N{x; > 0}.
We need to verify this extension of I% (t) satisfies (i), (ii), and (iii). For 0 <t < t;
this is clear because I7 () is the usual semigroup. At t;, we have
(P—2)(t)u = (P—2z)I{(t)u_ +I{(t2 —t1)uy)
= f— + f+7
with fi = f microlocally near m4. Thus (ii) and (iii) are clear.

For (i), let A = Op}’(a) be a symbol defined microlocally in a neighbourhood of

exp(tHp)(mg). Assume my ¢ WF, A, and let B = Op ¥’ (exp(tHp)*a). Then
AIZ (t)u = IZ (t)Bu

microlocally, and by [EvZw, Theorem 10.7], I*(t) satisfies 2.20.
The proof for I* (t) is similar. O

Corollary 2.12. Let X, P, and p be as in Proposition 2.11. Suppose ¥(t) is a
periodic orbit for exp(tH,) of period T which has a finite number of transversal
reflections off X . Then for any m € y(t), mNOX =, there exist h-FIOs, 1% (t),
defined microlocally near exp(tHp)(m) x m for 0 < |t| < T satisfying

(1)
{ hDI%(t) £ (P —2)I3(t) =0
I3(0) = id p2 2
for almost every t.
(ii) [P — 2,13 (t)] = 0, and if u(x) € L? satisfies (P — z)u = f € L? microlocally
near m, then I% (t)u(x) satisfies
(P = 2)IL({)u(z) = f(z)
microlocally near exp(+£tH,)(m).
(i11) If WFpu C K, where K is a compact neighbourhood of a point m,
WEFLIZ (t)u C exp(£tH,)(K).

Proof. This follows immediately from Proposition 2.11 and uniqueness of solutions
to ordinary differential equations. 0

3. QUANTUM MONODROMY CONSTRUCTION
In this section, we construct the Quantum Monodromy operator
M(z): L*(R"Y) — LR 1)

and prove some basic properties. Here we follow [SjZw1] and the somewhat sim-
plified presentation in [SjZw2]. It is classical (see, for example, [AbMa, Theo-
rem 28.5]) that the assumtions on p imply there exists ¢¢ > 0 such that for
—2¢p < E < 2¢q there is a closed semi-hyperbolic orbit in the level set {p = E}.
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Let z € [—¢€p, €9] C R. Then p— z is the principal symbol of P — z, and p — z admits
a closed semi-hyperbolic orbit in the level set {p — z = 0}, say, y(z) of period T'(z).
We work microlocally in a neighbourhood of

r= J ~kcrx
—e0<z<eo

Fix mo(z) € v(z), mo(z) N 9X = 0, depending smoothly on z, and set m(z) =
exp($7T(z)Hy,)(mo(z)). By perturbing mq(z) and shrinking €y > 0 if necessary, we
may assume m(z)NOX = () as well. Assume we are working with a fixed z. Define

ker,, () (P —z) = {u€ L*(neigh(mo(2))): (P —2)u=0
microlocally near mg(z)},

where “neigh (mg(z))” refers to a germ, or a small arbitrary neighbourhood of m(2)
which is allowed to change from line to line. Similarly we have

ker,,, ;) (P —z) = {u€ L*(neigh(m1(2))): (P —2)u=0
microlocally near mq(z)}.

We define the forward and backward microlocal propagators I7 as in Corollary
2.12. Then

Ii(lf) : kermo(z)(P —z)— kercxp(th)(mo(z))(P —z),
and since
exp(T(2) Hy) (mo(2)) = mo(2)
we define the Absolute Quantum Monodromy operator
M(z): kermo(z)(P —z)— kermo(z)(P —2)
by
(3.1) M(z) :=1(T(2)).

It is convenient to introduce an inner product structure on ker, .y(P — z) (see
[HeSj]). For this, let x € C*°(T*X) be a microlocal cutoff supported near ~y(z)
satisfying the following properties (see Figure 6):

(3.2) X =1 on exp(tH,)(mo(z)) for 0 <t < % (0)
(3.3) X =0 on exp(tH,)(mo(z)) for %T(O) +d<t<T(0)—-4, §>0.

Let [P, x]+ denote the part of the commutator supported near mg(z) where we use
x to denote both the function and the quantization whenever unambiguous, and
for u,v € kery,,(z)(P — 2), define the Quantum Fluz product as
1
<’U,, U>QF = <E [Pa X]+ua 1}>
According to [EvZw, Theorem 10.18], there is a neighbourhood of mg(z) and
an h-Fourier integral operator F' defined microlocally near mg(0) such that F(P —
2)F~1 = hD,, on L?(V), where V C R™ is an open neighbourhood of 0 € R".
Then ker,,, () (P — z) can be identified with L*(V), where V' C R"~! is an open
neighbourhood of 0 € R"~!. Let

K(z): L2(V)<—>kerm0(z)(P —z)

L?(neigh (mo(z)))
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be the identification, and define the adjoint K (z)* with respect to the L? inner
product on ker,, () (P — z). Note

K(2)" t ket (o) (P — 2) «— L*(V)
is an identification as well. The following two lemmas are from [SjZw1].
Lemma 3.1. The operator

w0

U:=K(2)"—[P, x| K(2): L*(V) — L*(V)

=~

is positive definite. Setting K(z) = K(2)Uz, we have

—~

K(z)*%[P, Y+ K(2) = id : L3(V) — L*(V).

Proof. Using [EvZw, Theorem 10.18], we write

i
K(Z) _[P7 X]+K(2)U,U = <6$1XK(Z)’U’K(Z)U>L2(ncigh(mg(z)))
h L2(V)

> C7Hvl.

Remark 3.2. In light of Lemma 3.1, we replace K (z) with K(z) and write
i

h[Pv X]+'

Lemma 3.3. The Quantum Flux product (-, -)QF does not depend on the choice of
X satisfying (3.2-8.3). In addition, M(z) is unitary on ker,, . (P — z) with respect
to this product.

K(z)™' = K(2)

Proof. Suppose u,v € L?(V) and suppose X is another function satisfying (3.2-3.3)
which agrees with x near mi(z). Then [P, X — x]+ = [P, X — x|, (P —2)K(z)u = 0,
and K(2)*(P —z) = (P — 2)K(2))* imply

1

<%[P, X = X+ K (2)u, K(z)v> = <h (X — x)K(2)u, (P — Z)K(Z)v> _

To see M(z) is unitary, observe for @ € ker,,,(.)(P — 2),
i z ~ 7z ~
(FIPAs BTG T (T ()i) -

_ <% [P,IZ(T(z))xzi(T(z))}+a,a>

1 ~ o~ -
= <E[P7X]+u7u>u
where Y = exp(T H))*x satisfies (3.2-3.3). O

Next we restrict our attention to L?(V) by defining the Quantum Monodromy
operator M (z) : L*>(V) — L?(V) by

M(z) = K(2) " *"M(2)K(z).

Lemma 3.4. M(z) : L*(V) — L*(V) is unitary, and M(z) is a (microlocally
unitary) quantization of the Poincaré map S.
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Proof. Let u € L?(V). We calculate:
(M(2)u, M(2)u) 2y =

<K(z)_1M(z)K(z)u, K(z)_lM(z)K(z)u>L2(V)

(K (2)") T K (2) " M(2) K (2)u, M(2) K (2)u)

L2(neigh (mo(2)))

(FIPA MK G MK ()

L?(neigh (mo(2)))

= (K(2)u, K(2)U) 12 (neigh (mo(2)))

= <U7U>L2(V) :
In order to prove M (z) is the quantization of the Poincaré map, we will use [EvZw,
Theorem 10.7]. We need to prove for pseudodifferential operators A, B € wg’O(V)
such that o3, (B) = S*o,(A), we have AM (z) = M (z)B. Without loss of generality,

we write ' = (z2,...,x,) € V for the variables in V and x = (x1,2’) € neigh (y(2))
for the variables in X near 7. Then for v € L*(V) N C>(V)

M (2)B(x',hDy)v(z") =
= K(2) 'M(2)K(2)B(2',hDy )v(z)
= K(2) 'I3(T(2))B(z', hDy)I* (T(2)) 17 (T (2)) K (2)v(z)
— K(2)7'0p ((exp(TH,))" on(B)) (2, hD,) % (T(2)) K ()0 ()
= A(2',hDy )M (z)v(x").

4. THE GRUSHIN PROBLEM

4.1. Motivation of the Grushin Problem. In this section we follow [SjZw1]
and show how the Quantum Monodromy operator arises naturally in the context
of a Grushin Problem near . This is a generalization of the linear algebra Grushin
problem: Suppose

Qe
i
!

=

D : H_ —H,

are matrices acting on finite dimensional Hilbert spaces H, H_, and H,, and

(25)-(&5)

where
a : H— H,
g+ Hy—H,
o : H— H_, and
0 : Hy —H_.

Then A is invertible if and only if § is invertible, in which case
Al =a—p5"1o.
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It appears counterintuitive at first that understanding the invertibility of a larger
matrix might be easier than understanding the invertibility of a submatrix. How-
ever, when the entries are operators instead of matrices, the situation may change.
In the next section we will see that introducing a matrix of operators will allow us
to understand microlocal invertibility of P — z near a periodic orbit by constructing
a parametrix in the double cover of a neighbourhood of the orbit.

4.2. The Grushin Problem Reduction. Throughout this section, we suppress
the dependence on z whenever unambiguous for ease in exposition. We will build
operators Ry = Ry (2): D'(X) = D'(V) and R_ = R_(z) : D'(V) — D'(X) such
that
P ( E(I;‘ ?) e ) . D' (X) x D'(V) — D'(X) x D'(V)
+

has microlocal inverse

(4.1) €= ( r EEL )

near v x (0,0), where E, E, and E_ will be defined later, and
E_y=1— M)

The following construction of the solution to the Grushin problem is from [SjZwl1],
with the addition here that we allow v(z) to reflect transversally off the boundary
of 0X. Recall x € C°(T*X) satisfies (3.2-3.3), and begin by setting

o b

Ri= K"~ [P, .

Then if u satisfies (P — z)u = 0 microlocally near mg(z), Ryu is the microlocal
Cauchy data. That is, for v € L?(V), u = Kwv is a solution to the microlocal Cauchy
problem

(4.2) { (P}z_jij 0,

near vy x (0,0). To construct a global solution, let K(t) := I, (¢t)K and K3(t) :=
I_(t)K be the forward and backward (respectively) Cauchy problem solution op-
erators. Note for ¢t ~ T'/2 we have

Ky(t) = I+ (t)K
= L) KK 'M(2)K
(4.3) = Ky(t)M(z),

so microlocally near m1 x (0,0) we have Ky = KM (z). Now for Q a neighbourhood
of v, we can solve (4.2) in Q \ neigh (mq). To do this, set

(4.4) Eiv=xKsv+ (1 —x)Kpv,
so Fiuv satisfies
i) E,v = Kv in a neighbourhood of mq(z)
i1) Ry E, = id microlocally near (0,0) x (0,0) € (T*V)2.

With [, -] denoting the part of the commutator supported near m1(z), we calcu-
late:

(P - Z)E+’U = [Pa X],Kj’U - [P7 X],Kbl},
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solution to (4.5)

Uug = EQ’U

FIGURE 5. Microlocal solution to (4.5) and construction of global
solution to (4.6).

since Ky = K}, microlocally near mg(z)x(0,0) and (P—2)Iy(¢)Kv = 0 microlocally
near exp(tH,)(mo(z)) x (0,0). According to (4.3), we can then write

(P —2)E v =[P, x]-Ky(M(z) — id )v.

For v € L*(V), we set

u = FEjv,
u_ = FE_jv, and
1
R = —|Px|-Kb.
h,[ 7X] b

We have solved the following problem microlocally in (€2 \ neigh (m1(2)))? (see
Figure 5):

F(P—zu+R_u_=0
(15) { P

Thus if P~! exists, it is necessarily given by (4.1), where E and E_ have yet to
be defined.
For € > 0 let

(QxQ), ::{<U (exp:ttH,,)m,m)mQXQ:—e<t<T—2e}.

me)

We will define Ly and Ly, the forward and backward fundamental solutions (respec-
tively) of i(P — z)/h, which will be defined microlocally on (Q x. §2), respectively.
By [EvZw, Theorem 10.18], we can conjugate i(P — z)/h to 0, microlocally near
the point mg(z)* € (T*X)?. Then the local fundamental solutions L} and L are
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mi(z)

Xb
X mo(z)

X5 exp tH,
FIGURE 6. The cutoffs x, X, and x;.

given by
1

L?cv(z) = / v(y, 2")dy, and

— 00

L) = - / oy, )dy,

1
while Ly and L are now given microlocally near exp(£tHp)mo(z) X mo(z), respec-
tively, by
Ly = Ii(t)L} and
L, = TI(t)L}.
It is convenient to introduce two new microlocal cutoffs x ¢ and x; satisfying (3.2-
3.3) and in addition,

X = 1 on supp xyr N Wy,
X» =1 on supp x N Wy,

where W, is a neighbourhood of mg(z) containing the support of [P, x|+ (see Figure
6). For v € L*(Q2), set

= Ls(I—x)v,
and observe (P —z)4 = 0 past the support of (I —x) in the direction of the H, flow.

In particular, (P — z)@ = 0 on supp Xxs. Then past supp (I — x) in the direction of

the H, flow,

oL
h

«2

h [P7 Xf]+ Lf(I - X)U'
Let I, (t) be the extension of I, (t) to T <t < 2T —¢, and let K; = I, K. Let Q
denote the double covering space of 2. Then in €2,
i
h [Pv Xf]+ Lf(I - X)U'

We define @ = Lyyv and K, = I_ K similar to IN(f so that
o4

h

i= KKL [Pl

= KK

= KiK*

@ = KyK*— [P, xs], Loxv.
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We think of 4 and @ as being double-valued on {2 and write L ;fv and Ly,v to denote
the second branches respectively in a neighbourhood of mq(z). Let W_ denote a
neighbourhood of my(z), and define (see Figure 5)

Lyxv + Ly(I — x)v outside W_,

Lyxv+ (I = x)Lopxv+ LI = x)v+ xLs(I — x)v in W_

Now we apply i(P — z)/h to Egv in W_:

ug = Fov :—{

E(P_Z)EO’U = ’U_E[P7X]—Lbbxv+ﬁ[PaX]—Lff(I_X)U
7
= U—E[RX] KyK* h[PX] Lyxv
7
3 [P KGR [Py Ly = X)v
1 L0
= U—E[P,x]_Kb(K 7 [Px]y Loxv

MK 3 [P, LT = 0v),

where we have used Ky = K, M(z) in W_ and dropped the tilde and hat notation
when thinking of second branches. We have solved the following problem:

(4.6) %(P — 2)EByv+ R_Eo_v =1,
with
)
R_=—-|P K
h[ 7X]— b
as above, and
E01,1} = K*E [Pa X]J,- bev - M(Z)K E [P7 X]J,- (I - X)U

Recalling the structure of £ and P, we calculate

pe_( #P=2E+R-E_ {(P-2)E +R E_,
R+E R+E+ ’

so that if £ is to be a microlocal right inverse of P near v x (0,0), we require

(4.7) %(P—Z)E—FR,E, = id : L*(Q) — L*(Q),
(4.8) %(P—Z)E++R_E_+ = 0:L%V)— L*Q),
(4.9) Ri{E = 0:L*Q)— L*(V) and,
(4.10) RiE, = id:L*V)— L*(V)

microlocally. Note (4.8) and (4.10) are satisfied according to (4.5). Owing to (4.10),
if we write E = (I — E4 R, )E for some E, then

RyE=Ry(I-E R )E=(I-R{E{)R,E=0,
and comparing with (4.7) we see E = Ej,
E=FEy+ Ey R Ey,
and

E_=FEy_—E_,R.Ey.
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Thus & is a right inverse. To see it is also a left inverse, observe
. i
Ry, = 7 [P,x], K, and
)
R* = K;-—-[P
— b h [ 7X]— )
together with
Kj - [Px)- Ky = —id
implies
i .
K;E [P,(I—-x)]_Ky=id.

In other words, after exchanging x with 1 — x, W with W_, and K with K;, R}
has the same form as R_ and R* has the same form as R;. Thus

. %(P—z) Ry
i ‘< R* 0 >

has the same form as P and hence has a microlocal right inverse, say

* L F F+ "
e (FF)

Then P*F* = id implies FP = id, so
F=FPE=E

implies F = &.

As every operator used in the preceding construction depends holomorphically
on z € [—ep, €9] + i(—coh, coh), we have proved the following Proposition, which is
from [SjZw1]:

Proposition 4.1. With P and £ as above and z € [—¢g, €o] + i(—coh, coh), € is a
microlocal inverse for
P LA(Q) x L2(V) — L*(Q) x L3(V)
near v C T*X, and in addition,
1€ 20y x L2(v)— L2 (@) x L2(v) < C-

4.3. Comparing P — z to M(z). As a consequence of Proposition 4.1 and mo-
tivated by the linear algebra Grushin problem, the following two theorems show
quantitatively that P — z is invertible if and only if I — M (z) is invertible.

Theorem 4. Let M(z) : L*(V) — L*(V) be the Quantum Monodromy operator,

(P — z) and Ry as above. Suppose A € \I!?I’O(T*X) is a microlocal cutoff with

wavefront set sufficiently close to v C T*X and B € W%’O(T*V) is a microlocal

cutoff with wavefront set sufficiently close to (0,0) € T*V. Then there exists g > 0,

¢p > 0, and hg > 0 such that, with z € [—e€g, o] + i(—coh, coh) and 0 < h < hyg,
[(P = 2)ul|2(x) =

(4.11) > O (IBU = M) Ryul sy — I = A)ull )

—O(h*)||ullL2(x)-
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Further,
[Aul|r2(x) <
(412) < C (IRsullagy) + 07 IP = 2l + 1T = Al )
+O(h™)ullL2(x)-

Proof. That £ is a microlocal left inverse for P means in particular that for A and
B as in the statement of the theorem,

)
(4.13) 7 B-(P = 2) + E_ Ry =13 + O(h%) 1200~ L2(v);
where

BlJrA - O(hoo)L2(X)_,L2(V)

Since (4. 11) is only concerned with injectivity, we note that by replacing F_ and
E_, with E_ = BE_ and E_; = BE_ respectively in (4.13) doesn’t change the
fact that £ is a microlocal left inverse. Thus

(4.14) g (P—2)+E Ry =11 + O(h™)2(x)~12(v);

Sl

with
Z~+A = Bl+A = O(hoo)L2(X)_,L2(V),
and for u € L*(X),

- h-

E_(P—-2)u+—~E_Ryu :;H(I—A)U+O(hoo)||u||L2(X)7

SI;"‘

hence (4.11).
For (4.12), we note EP = id microlocally gives also

) .
(4.15) EE(P—Z)+E+R+ = ldLQ(X))—>L2(X)+Za
where
AlA = O(hoo)Lz(X)_,Lz(X).

Similar to (4.14), we replace E and E, with E = AE and E, = AE, without
changing that £ is a microlocal left inverse of P, and from (4.15), we get for u €
L*(X)

%E(P —2)u+ By Riu = Au+lu+ O(h™)|ul 2(x),

Using [Au := AlAu = O(h™®)u, we get
C (I(P = 2)ullz2(x) + Al Ryullp2vy) = k| Aull2x) = hII(I = Aullr2(x),
which is (4.12). O

Using that £ is a microlocal right inverse for P we obtain the following theorem,
which completes the correspondence between I — M(z) and P — .
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Theorem 5. Suppose A € WO0(X), B € UOO(V) satisfy

A =1 microlocally near -y,

A = 0 microlocally away from ~,

B =1 microlocally near (0,0),

B = 0 microlocally away from (0,0).
Suppose u € L*(X) satisfies

Au = u+ O(h>)||ull L2(x),
and v € L*(V) satisfies

Bv = v+ O(h%)||v|[2(v)-

Then we have

(4.16) A%(P—z)Eu—&—AR_E_u = u+ O(h™)|lullr2x), and
1
(4.17) AE(P —2)Eyv+ AR_(I - M(2))v = OMT)|v]lL2evy-

Remark 4.2. The utility of (4.17) is that in §9, where v will be assumed ellip-
tic instead of semi-hyperbolic, we construct v € L?(V) concentrated near (0,0)
satisfying

(I —M(2))v=0(0h"), VN
then u := F, v satisfies
(P —2)u= O ) lullr2cx)
microlocally near . This provides essentially a converse to our Main Theorem.

Proof of Theorem 5. From Proposition 4.1, if we multiply P by & on the right, we
get

(4.18) S(P=2)B+R-E_ = om0+,
(419)  F(P-2)By+R-(I-M() = r,
Ry{E = ry,
RiEy = idrewvy-r2v) +r—4,
where
Ard = O(h™)r2(x)—r2(x),
Ar_B = O(h™)r2v)—r2(x);
BriA = O(h™)r2(x)—2(v), and
Br_iB = OMh>™)r2v)-r2v)-

Hence (4.18-4.19) imply for any u € L?(X), v € L3(V),

7

AE(P —2z)Eu+ AR_E_u = Au+ Ar(I — A)u + O(h™)||u| r>(x)
and
A=(P = 2)Epv+ AR-(I = M(=))o = Ar_(I = B)o + O(h™)[[el|2(v,

which is (4.16-4.17). O
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5. THE MODEL CASE

In this section we indicate how Theorem 4 can be used to estimate P — z in the
model case. Let dim X = 2, and assume ¢ parametrizes v = 7(0), and 7 is the dual
variable to ¢. Then our model for p near «y is the symbol

p =T+ Mg,
with A > 0. We have
H, = 0y + M0z — £0¢),

and the Poincaré map S : R? — R? is given by

er 0
S_< 0 e)‘)'

We want a deformation of the identity into S, that is a smooth family of sym-
plectomorphisms x; such that kg = id and k; = S. This is clear in the model

case:
— expt A0
K¢ = exXp S

According to [EvZw, Theorem 10.1], we can find a time-dependent effective Hamil-
tonian ¢; = ¢:(x, &) such that

Eﬁt = (Fét)*Hqt.

In the model case, this is again clear: ¢, = Ax&, independent of ¢.

We know in general if M (z) is the Quantum Monodromy operator it is an h-FIO
associated to the graph of S, which means our model is M (z) = M*(1) for M*(t)
a family of h-FIOs satisfying

hDM*(t) + Q(t)M*(t) = 0,
{ M=(0) = id

where Q(t) = Op (g¢) for the effective Hamiltonian ¢; as above. In the model case,
g does not depend on t or z, so with @ = Op (¢), M*(¢) is just the semigroup

1) - xp (~L10)

The basic idea is M(t) is unitary, but e~ M (t)e®” is not for G with real
principal symbol (if it exists). Further, in the model case, if G is independent of ¢,

eiGwM(t)er = exp <—%terQer) ,

and it will suffice to show e ¢ QeC" has an imaginary part of fixed size comparable
to h.
As in [Chrl, Lemma 2.4], for u € L*(R") we define T}, ; by

(5.1) T, ju(X) = (h/ﬁ)%u <(h/ﬁ) éX> :
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We then conjugate M (t) to My (t) =T, EM(t)Th ;» and observe M, (t) satisfies the

evolution equation

(5.2) hDiMi(t) = =T, ;QM)T,

(5.3) = 1,07, T, i M(t)T, ;
(5.4) = _QlMl()a

where

Q1 =T,;QT, } € L 00
microlocally. We write ¢1 (X, Z) = O'}”L(Ql), where
@ (X,5) = /\(h/ﬁ)XE + O + 12,

as in [Chrl, Lemma 2.4].
Now we define the escape function

1
G(X,2) = 3 log (

and according to a result of Bony-Chemin [BoCh] (see also [Chrl, Lemma 2.1]), we
can form the family of operators

14+ X2
1422

w
esG ,

where G* is the Weyl quantization of G in the A calculus and |s| is sufficiently
small. Let

M(t) = e " M, ()",
whence
hD,M(t) = —QM(t)
for
O = e5C" Q50
by a similar argument to (5.2-5.4). We write

Q = exp(—sad ¢»)Q1,

with
ad ’éle =022 (hilkﬂ) 7

and

[Q1,G%] = —ihOp ¥ (H, G) + O(h*/2h*/?).
We have

2 =2
H,,G <1 f)@ 52>
_ ( )4,

so that

Q= Q1 —ishOp¥ (A) + sEY + s*EY,
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with E; = O(h*/2h3/2) and Ey = O(hh). Since A is roughly the harmonic oscillator
(see [Chrl, Lemma 5.1]),

" h
(OpY (A)U,U) > 2U]?
independently of h, so that
~ hh
: < ——|U*
(5.5) Im (QU.U) < ==V

Thus with 7 > 0 small but fixed,

M(1) = exp (—%(Re@+i1m@)>
and by (5.5),

(5.6) HM(D‘ <r<l.

L2(R)>L2(R) —
For u € L*(R) and U = T, pu, we have by (5.5) and (5.6)

Re <(I ~ M), U> > oYU
for some 0 < C < 0o. Define the operator K by
(5.7) e =T 2T
We have shown that
Re <e_SKw (I- M)eSKwu,u> > CH|ul?.
Since || exp(£sKY)|| 22 = O(h~Y) for some N, we have

Re ((I — M)u,u) > C’hNHu||2.
6. THE LINEARIZATION

6.1. Symplectic Linear Algebra and Matrix Logarithms. In this section, we
will show how to reduce the case of a general Poincaré map with a fixed point to
studying the quadratic Birkhoff normal forms. We assume as in the introduction
that the eigenvalues of modulus one obey the nonresonance assumption (1.2).

We begin by tackling the problem of negative real eigenvalues and eigenvalues of
modulus 1 of the linearized Poincaré map. Let S : Wy — Wa, Wi, Wy C R?*72 bea
local symplectic map, S(0,0) = (0,0), which we have identified with its coordinate
representation. As in the proof of [EvZw, Theorem 10.1], we consider the polar
decomposition of dS(0,0):

dS(0,0) = exp(—JF) exp(B),

with F' and B real valued and exp(B) positive definite and symplectic. Specifically,
exp(—JF) describes the action due to the eigenvalues of modulus 1 as well as the
rotation inherent in the negative real eigenvalues. We consider first A = exp(B).
We denote by {u;} the eigenvalues of A and by {fi;} the eigenvalues of dS(0,0).
Let p be an eigenvalue of A. Then A symplectic implies if x> 1 is real g~ is also
an eigenvalue, and if 4 is complex, |u| > 1, u~!, 77, and T~ ! are also eigenvalues. If
i, || = 1is an eigenvalue of dS(0,0), then i = p~! is also an eigenvalue dS(0,0),
but we will see neither of these contributes to A. If Eﬂ is the generalized complex
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eigenspace of u, then we can put A into complex Jordan form over E~#. To keep
the change of variables symplectic, we observe that E,-1 is the dual eigenspace to
Eﬂ, so if

w10 ...
O w 1 0 ...
Au5:A|EH: Co T Tl )
0 0 p 1
0 ... o
then symplectically completing this basis in Eu @ E~’#71 gives
T _1
A|E~M71 = (AH) :

As A, = pl + N, with N, nilpotent, by expanding (Af)fl as a power series, we
see

Au—l = A|E“71 = /L_lf-i-NM—l

with N,-1 nilpotent. We choose a branch of logarithm so that
A(p) = log(p)

satisfies
(6.1) Ap™) = —Ap), and
(6.2) A@) = Muw),
and observe for N nilpotent,
N? N3
1Og(I+N):N—7+?+...

is a finite series. Then we can define

log(pI + Ny) = A(p) + N,

with N, nilpotent.
We apply this technique to each generalized eigenspace of A to obtain a complex
matrix

B:= log A.

We see B is block diagonal with diagonal elements of the form Al + Ny with Ny
nilpotent. We know |u| > 1 real gives Re A(u) > 0. For X satisfying Re A > 0, let
E\ denote the generalized complex eigenspace of A with respect to B , and let Eﬂ
denote the generalized complex eigenspace of ji with respect to dS(0,0). There are
4 cases to consider.

Case 1: [ > 1 is real, and an eigenvalue of dS(0,0). Then Ey ® E_j is a
real symplectic space which is equal to E~ﬁ @ Eﬂfl. If we put B into Jordan form
over F,

A1 0 ...
0 X 1 0
E)\ —E = ’
By | - T e
0 0 X 1
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completing the basis symplectically over Fy & E_) gives

~ ~\T
B‘ =—(B)) .
E_x
As = 1 was an eigenvalue of A,
eXp(_JF)lE,;@Eﬂ,l =id.

Case 2: [i is complex, || > 1, and [ is an eigenvalue of dS(0,0). Then
E\®E_)®E5®E_5 is the complexification of a real symplectic vector space which
is equal to B © Ej—1 © Bz @ Ez-1. Changing variables as in [Chrl] §6, we see

_ B, 0
B = \T ,
E\®E_\®E;®E_5 0 - (BA)
where
A T 0o ......
0O A I O
By=| i . :
0 0 A I
0 ........... A

with I the 2 x 2 identity matrix and

A~ ReA —ImA
“\ ImXA Rel '

Further,
eXP(_JF”E-@E.,l@ET@ET,l = id.

Case 3: p > 1is real, and i = —p is an eigenvalue of dS(0,0). Then
E\ & E_, is a real symplectic vector space, equal to E @ E~ . and B is handled
as in Case 1, with the important difference:

exp(— JF)|&@E_71 =—id.

Case 4: |i| =1, Imji > 0 is an eigenvalue of dS(0,0). Then E\ ® E_j is a
complex symplectic vector space which is the complexification of a real symplectic
vector space which is equal to E @ E . Since we have assumed in particular

that & occurs with multiplicity 1, so does )\ Write A = ia, @ > 0, in which case we

observe
(a0
Eio®E ;0 — 0 «

is diagonal since [i is distinct.
We have proved the following proposition, which we record in detail to fix our
notation.

Proposition 6.1. Let S : Wy — Wy, Wi, Wo C R?"~2 be a local symplectic map,
S5(0,0) = (0,0), and let np. be the number of Jordan blocks of complex eigenvalues
w of dS(0,0) satisfying |u| > 1, Rep > 1, and Impu > 0; npe4 be the number of
Jordan blocks of real positive eigenvalues p of dS(0,0) satisfying p > 1; np.— be
the number of Jordan blocks of negative real eigenvalues —p of dS(0,0) satisfying
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—u < —1; and ne be the number of eigenvalues p of modulus 1 satisfying Im p > 0.
For

(6.3) Je, ... npe2npe+ 1,00, 2nhe + gy
(6.4) 2Mpe + Npr + 1,000 200 + Mgy + N5
(65) 20he + Nhrt + Npr— + 1,000, 20he + Mgy + Npr— + ne)

let k; denote the multiplicity of u; so that

2n —2 =
Nhe 2N he+Nhrd 2N+ Npg F T
4 E ki | +2 E ki | +2 E k;
j=1 Jj=2npc+1 2Nnpetnprg+1

2NpetNhry +Npe— +ne

42 > k;

2npe +Nhrt N — +1

Choose A\;j(u;) = log u; satisfying (6.1-6.2) for j in the range (6.3) and (6.5), and
for j in the range (6.4), choose A;(u;) =log(—p;) satisfying (6.1-6.2). Then there
are real matrices B and F satisfying “B = —B, F* = F, and a symplectic choice
of coordinates such that

dS(0,0) = exp(—JF) exp(B),
and B is of the form
B = diag (Bj; —B]) ,
for j in the range (6.3-6.5). For j € (1,...np.), Bj is the 2k; x 2k; matriz

Aj IO

0 A, I 0 ...
(6.6) B; = e e ’

0 0 A, I

0 oo, A

with I the 2 x 2 identity matriz and

A — Re)\j —Im)\j
7 Im/\j Re)\j ’

Forj € (2npe+1,...200¢ + Nprt + npe—), By is the kj X k;j matriz

AL

0 A 1 0 ...
(6.7) B; = T )

0 0 A 1

0 e Y

and for j € 2npe +Npry +Nhr— + 1, ..., 200 + Nhrt +Npr— +ne), B is the 1 x 1
matriz 0. Here

F = diag (Fj; Fj)
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for j in the range (6.3-6.5), where for j € (1,...,2n,), F is the 2k; x 2k; zero

matriz, for j € (2npe + 1,...,20he + Nprg), Fj is the k; X k; zero matriz, for
j € (2nhc + Npr+ + 1; B 2nhc + Npr+ + nhr—);
Fj = 7TI7

where I is the kj x k; identity matriz, and for j € (2npe+nprs+npr—+1,. .., 20p+
Nhrt + Nhr— + M), Fj = Im A;.

Following the proof of [EvZw, Theorem 10.1], we set
K} = exp(—tJF) and K; = exp(tB),
which we observe is the same as

K} =exp(tH, ) and K; = exp(tH,)

for
q(z,§) =
Nhe k]
(6.8) = > (Re); (wa-18u1+z2éu) — TmX; (2160 — w221-1))
Jj=11l=1
Nhe kj 1
(6.9) + Z Z (21118211 + T2r42821)
Jj=1 =1
2npetNpry +Npr— kj—1
(6.10) + > Z/\ ni& + Z T1& |
J=2npc+1
and
q'(z,8) =
2npetnprgy +Npr— - 2npetNprt +Npr— +Ne Im \
(6.11) Y. FE+e)+ > —5 @+ &),
J=2npc+nnpr4+1 J=2Nhe+Nhrt+npr—+1

6.2. Geometry of the Poincaré Section. The previous section motivates the
next proposition. First we need the following lemma, which follows from the more
general [Chrl, Lemma 4.2]. Recall under the assumption that S is hyperbolic, the
stable and unstable manifolds A+ C N for S are n—1-dimensional locally embedded
transversal Lagrangian submanifolds (see [HaKa, Theorem 6.2.3]).

Lemma 6.2. Let S : Wi — Wy, Wi, Wy C R?"=2 5(0,0) = (0,0), be a local
hyperbolic symplectic map with unstable/stable manifolds Ay. Then there exists

a local symplectic coordinate system (x,&) near v such that Ay = {£ = 0} and
A_={z=0}.

For the following proposition, we assume there are no negative real eigenvalues
and no eigenvalues of modulus 1 to the linearized Poincaré map. Later we will
modify the general Poincaré map to be of this form. This follows from the proof of
[Chr1, Proposition 4.3].

Proposition 6.3. Let S : Wy, — Wy, Wi, Wo C R*=2 be a local hyperbolic sym-
plectic map, S(0,0) = (0,0), and assume dS(0,0) has no negative real eigenvalues.
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There is a smooth family of local symplectomorphisms k¢, a smooth, real-valued
matrixz function By(xz,£), and a symplectic choice of coordinates in which

(7’) ko = id, Hl(Ivg) = S(zaé)a

(6.12) (i) %/{t = (kt), Hq,,
where

(6.13) qt(x,8) = (Bi(z,8)z,8) -
Here

(6.14) (Bi(0,0)x, &) = q(,§),

for q(x,&) of the form (6.8-6.10).

7. THE PROOF OF THEOREM 1

7.1. Motivation. We recall from Theorem 4 that if u € L?*(X) has wavefront set
sufficiently close to v and B € W%9(V) is a microlocal cutoff near (0,0), we have
for z € [—e€p, €0] + i(—coh, coh),

I(P = 2)ullp2(xy = CT 'R BUI — M(2)) Ryt 2y -

Hence we want to show M (z) has spectrum away from 1. This is the content of the
following Theorem, which we state in its general form for reference.

Theorem 6. Let V C R2™ be an open neighbourhood of (0,0), and assume kK, :
neigh (V) — k. (neigh (V)), £.(0,0) = (0,0), z € (=6,8), 6 > 0 is a smooth family
of symplectomorphisms such that dr(0,0) is semi-hyperbolic and the nonresonance
condition (1.2) holds for drk,(0,0). Let M(z) be the microlocally unitary h-FIO
which quantizes k, as in [EvZw, Theorem 10.3]. Then for z € (—d',8"), & > 0
sufficiently small and s € R sufficiently close to 0, there exist self-adjoint, semi-
classically tempered operators exp(&sK™) so that for v € L*(R™) with h-wavefront
set sufficiently close to (0,0),

w w 1
(7.1) He_SK M(z)e* S v SE”’UHLQ.

L2

From §3, we know M (z) is an h-FIO associated to the graph of S(z), where S(z)
is the Poincaré map for «., the periodic orbit in the energy level z. Suppose for
the moment that S(z) satisfies the hypotheses of Proposition 6.3, and let ¢, be
g: as in the conclusion of the Proposition, where now ¢, ; varies over energy levels
z near 0. Setting Q. = Op}’(¢.,+), by modifying the proofs of [EvZw, Theorems
10.3, 10.7], there exists M. o € ¥° microlocally unitary so that M(z) = M*(1)
for M*(t) a family of operators satisfying the evolution equations

hD¢eM? +M*Q., = 0, 0<t<1,
M#(0) = M.yo.

In order to prove Theorem 6, we observe if W(z) : L?(V) — L2?(V) is the
microlocal inverse for M (z), we have also W, o € \112’0 microlocally unitary so that
W(z) = W#(1) for W#*(t) satisfying the following evolution equation:

(7.2) hDW? — Q. W* = 0, 0<t<1,
(7.3) W=(0) = W,po.
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The rest of this section is devoted to proving there exist semiclassically tempered
operators exp(£sK™) as in the statement of the Theorem so that

(7.4) e we | = Rl

L2(v) —

for some R > 1. Then

e KW (2)es K e K M (2)es Ky

[vllL2qv) L2(v)

Y

R He_SKwM(z)eSva

r2(v)’
which gives the Theorem once we prove (7.4).
In order to get Theorem 1 from Theorem 6, we observe by (7.1) we have also

H (I - e_SKwM(z)eSKw) v

[z 7ol
Thus
Re <675Kw (I- M)eSva,v>

]| — Re <675KwM(z)eSva,v>

Y

C ol 2y
Since || exp(£sK®)||p2—r2 = O(h™N) for some N, we have
Re (I — M(2))v,v) > ChN|jv|2.

Now let u € L?*(X) have wavefront set close to 7. Set v = Riu so that WF,v
is close to (0,0), and observe with B as in Theorem 4 and b = op(B), 1 — b has
support away from (0,0) € T*R"~1. Then

Op /(1 =b)M(z)v = M(2)Op} (S(2)"(1 = b))v = O(h™),
so that if WFu is sufficiently small,
B(I—-M(z2))Ryu= (I — M(2))R+u
microlocally, and (4.12) gives the theorem.
O

Our biggest tool so far is the normal form deformation in Proposition 6.3, how-
ever we cannot immediately apply it to S(z) satisfying the assumptions of the
introduction. To get by this we will transform S(z) into a hyperbolic map satisfy-
ing the assumptions of Proposition 6.3 and then later deal with the errors which
come up when transforming back.

The proof of Theorem 6 will proceed in 4 basic steps. First, we deform the
effective Hamiltonian into a sum of two Hamiltonians with disjoint support in ¢, one
hyperbolic and one elliptic. The summed Hamiltonian will be called g, ;. We then
modify the evolution equation defining W* to an equation involving a conjugated
version of W#, W (t). This evolution equation will be given in terms of a conjugated
quantization of ¢ ¢, @z7t, that we will then need to estimate from below. This step
is a variation on the classical idea of a “positive commutator”. That is, Op }(¢.,¢)
is self-adjoint, but if we conjugate it with an operator of the form e¢”, we get
Op}’(gz,t) plus a lower order skew-adjoint commutator. The principal symbol of
the commutator [G, Op (¢,¢)] is hiH,_,G. The linear part of H,_ , is block diagonal
in the hyperbolic and elliptic variables, but the nonlinear part potentially forces
interaction between the hyperbolic and elliptic variables. Hence we will be forced
to introduce a complex weight G to gain some orthogonality between the hyperbolic
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FiGURE 7. The cutoff functions 1, ¥s, 1, and ¥.

and elliptic variables. This is accomplished in Step 3. Finally we will estimate M,
whose inverse is related to W by conjugation.

7.2. Step 1: Deform ¢, ,. We construct a rescaled deformation of identity into
S(z) in which the elliptic part of the effective Hamiltonian has disjoint support in
t from the support of the non-elliptic part.
We will be using four cutoff functions,
1(t),¥2(t), ¥(t), and x(¢) : [0,1] — [0, 1]

satisfying the following properties (see Figure 7):

(1) ¥1(0) = ¢2(0) = ¥(0) = x(0) =0, ¥1(1) =2(1) =¢(1) = x(1) = 1;

(ii) 97, ¥', and x’ are all non-negative,

(i) supp¢y C [0,1/4], suppx’ C [1/4,1/2],

suppv’ C [1/2,3/4], and supp v’ C [3/4,1].

Motivated by Proposition 6.3, we construct a family of symplectomorphisms,
Kz, satisfying k, 0 = id and k.1 = S(2), but the elliptic part has disjoint support
in t from the hyperbolic part. That is, let F' be given as in Proposition 6.1, and let

B(2) = exp(~JF()), K} = exp(—tJF(2)),
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so that K} = id, K} = E(z), and

d
@Kt = ().
where ¢! is given by (6.11). Here the coefficients implicitly depend on z, but
the dimensions of the eigenspaces are constant for z in a neighbourhood of 0. Let

K} be defined by

Im )\j

Ki =Ky, ),

so that K! = id, K} = E(z), and the chain rule then gives

d ~ d

EKtl = wll(t)EK}'L":wl(t)
= wll(t)(qu-)*Hq1|T:w1(t)
= (K})«Hy g

We introduce an “artificial hyperbolic” transformation which will temporarily
replace the elliptic part by setting

2hpe+nprg +npr—+ne

dah = Z 2Ij€j )

J=2hneAnnet e +1
defining K, = exp(Hy,, ), and
S(z) = Kol 0 B(z) " 0 8(2),
so that S (z) satisfies the assumptions of Proposition 6.3 near z = 0. From Propo-
sition 6.3, there is a family x! , satisfying x. o = id, si ; = S(2), and

d 1

a’%z,t = (Hl )*Hlfz,ta

z,t
where now

qzyt = <B27t($7§)z7§>
for B, satisfying (6.14). Let

~, _ 1
Rzt = Ra )

so that ki, 0= id, f,1 = §(2)7 and

d d
Eﬁz,t = d/(t)EK/z7T|T:w(t)
= 'O (ks ) H lr=p(r)

= (Fet)sHy (). o -
Let K? = exp(tH,

dah

) and K2 = Ki(t), so that I?g = id, K? = K, and
d

EK’? = (K7)«Hyy

qah
Finally, let

Rzt = Ktl OKt2 o} /‘%z,t-
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Unraveling the definitions, we have k, ; satisfying

(i) Kzo = 1d, k.1 = S(2);
Kl 0<t<1/4;
E(z), 1/4<t<1/2
E(z)o K2, 1/2<t<3/4;
E(z) o Kop 0 Ryt
If we compose a smooth function a with s+, we have

La(K}), 0<t<1/4

(11) Rzt =

—k,a %G(E(Z)), 1/4<t<1/2
de ! La(E(z) o K2, 1/2<t<3/4;
La(E(2)Kan) 0 fizy, 3/4<t <1

Hyygpa) o Kt 0<t<1/4

1/4 < 1/2;

(B(2) 1) (1)aan @) © B(2) 0 K7, 1/2 <t < 3/4;

) 0E(z) o Kapokzy, 3/4<t<1.

—~

Il
— O
m\.

(H(K;;:)*(E(Z)fl)*w’(t)ljz,w(t)a
Summing up and using the support properties of ¥, 11, and 15, we have

d

%Kz,t = (nz,t)*qu’tu

where
(7.5) @2, = (E(2) 'K ) Y (0= + (B(2) ™) ¢ (8)g" + ¢5(t)gan-

We record for later use that since ¢ = ¢/ = 0 and 92 = 94 = 0 on the support
of x’, we have for ¢ € supp x/,

idpe 0 0
(7.6) kep = E(z) = 0 —idp- O ,
0 0 E(z)

where id 4 is identity in x; and &; for
1 <Jj < 2nhe + Nhr+s
id p,— is the identity in z; and §; for
20pe + ey +1 < J < 20pe + Nhrg + N,

and E(z) is a z-dependent family of elliptic symplectic transformation in the vari-
ables z; and ¢; for

2nhc + Nhr+ + Nhr— + 1 S j S thc + Nhr+ + Nhr— + Ne.

7.3. Step 2: Conjugation of Evolution Equations. For Step 2, we introduce
the following notation. By (Xuyp, ZEnyp) and (Xen,Zen) we mean the symplectic
variables in the subspace associated to the hyperbolic and elliptic parts of dS(0,0)
respectively. In our notation,

Xhyp = (X1y- -, Xn—no=1), Zhyp = 15+, En—ne—1)s
and

Xcll - (annev R anl)a Ecll = (Enfnca v aEnfl)-
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The assumption that v is semi-hyperbolic amounts to saying n —1 —n. > 1, or
that Xy, are non-trivial variables. For a vector Y € R"™!, we define also

n—me—1
2 _ 2
Yii, = > Y7and
j=1
n—1
Yl = Z V7,
Jj=n—ne

where as usual n, =n — 1 —2np. — npry — Npp—. If
(B-,) :R"™ ! xR ! - C

is a bilinear form, we will also use the notation

n—1ln—ne—1 n—1 n-—1
(BY, (Znyp,iZen)) =Y > B*;Ze+iy Y Bz
j=1 k=1 j=1 k=n—ne.

Let W(z) = M(z)~" as above and let Q. = Op (G2 ;) for G2 ; in the form (7.5).
Again by modifying the proofs of [EvZw, Theorems 10.3, 10.7], there is W#(¢) and
W, o unitary satisfying (7.2-7.3) with this choice of @, so that W*(1) = W (z).
As in §5, but with W# instead of M~ if we conjugate W#(t) satisfying (7.2-7.3)
in a way which is independent of ¢, we get a new equation with a conjugated @ ;.
That is, with 7}, ; defined in (5.1), let

WAL =T, W ()T, L
and observe W#1(t) satisfies
hDW' — QL W' = 0, 0<t<1
W2H0) = T, ;WeoT, ;

for Q1, = Tsz,tT};%.
We define the escape function G in the new coordinates by

- 1 (14X 1 -
(7.7) GX,5) = slog| =2 | +is(1Xar* = [Ea”)
2 1+ |:|hyp 2
= G1 + ’LGQ
Here we have added an imaginary term to the definition of G. Observe
exp(iOp ¥ (G2))

is unitary. As mentioned in the introduction to this section, this is used to control
the nonlinear interactions between the hyperbolic and elliptic variables in a Poisson
bracket later in the proof.

The real part of G, G1, satisfies

8%02G1 (X, 2)| < Cap(X)lel@) =181 for (a, B) # (0,0),

and since (X)2(Z)~? is an order function, Re G satisfies the assumptions of [Chrl,
Lemma 2.1]. Thus we can construct the operators eEXME" where GY is the
h-Weyl quantization of G, and doing so we may define

(7.8) W(t) = e XC W= (t)eXC"
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Similar to §5, W satisfies the evolution equation

P ~ —_— h w w
(7.9)  hDW — Q.. W = Zsx'()e ¢ [W=1,G¥] exC” 0<t <1
7
(7.10) W) = e—SX(O)GwTh)ﬁWz)OT}:}%esX(O)Gw’
where

~ _ w w
Qz,t:e sxG Qi)tesxG )

The definition of W#*!1 together with modifying the proof of [EvZw, Theorem 10.3]
to the 2-parameter setting (using [Chrl, Lemma 2.5] to estimate the commutators)
implies

VO WG] = XOT,; W T 6T, ] T

X (0T, ;0p ¥ (k2,G = G+ O 2h2)) W1,

where
G(z,8) =G ((ﬁ/h)%(x,f)) € 8%_00’0’0 microlocally.
From (7.6) and the definition of G,
Re njﬁté = ReG
on supp x’. Hence, using [Chrl, Lemma 2.5] and the modification of [EvZw, The-

—1/2,-3/2

orem 10.3] to the 2-parameter setting, there is a symbol e; € Sy ™ such

that
h w w
Im —sy/(t)e*XC" [W=1, G"] eXC" =
i

Im %le(t) (Opﬁ(et) + gsxl(t)GwOp;l({et, G}) + O(h1/2ﬁ7/2)>

— O,

7.4. Step 3: Estimation of @z,t- We want to gain some knowledge of @z,t- For
that we use the techniques from the proof of Theorem 1 in [Chrl] together with the
necessary modifications discussed in the introduction. We summarize the content
of this Step in the following Lemma:

Lemma 7.1. For Cjz,t as defined above, we have the estimate

(711) (G o) > () ),
for any u € L*(R™71).

The idea is that the conjugated sz,t is Q;t to leading order, which is self-adjoint,
and the second order term is roughly the quantization of

e

i
for a quadratic form ¢. But then [Chrl, Theorem 4] and says that for the qua-
dratic forms in which we are interested we can make H,G into a positive definite
quadratic form, and there are linear symplectic coordinates in which H,G is almost
the harmonic oscillator > j :v? + §J2-.
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Let U be a neighbourhood of (0,0), U C T*R"~!, and assume
€
U CUypi={(@.): |0 < 5}

for € > 0. We assume throughout that we are working microlocally in U.. With h
small (fixed later in the proof), we have done the following rescaling:

(7.12) X = (ﬁ/h)éx, == (ﬁ/h)%g

1
We assume for the remainder of the proof that |(X,E)| < (ﬁ/h) ‘€. We used the
unitary operator T), ; defined in (5.1) to introduce the second parameter into Q.
to get

z t - Th th t

as above. On the support of x(t), after a linear symplectic change of variables, we
write

20 =T 000 (W () + (KanE(2) 05 (t)qan)T, ;.

where G, ; = (B, 1, &) defined in Step 1. The principal symbol of Q2 + on supp x’
is
(7.13)  ¢2,(X,E)

= @J(X, D)+ qan((h/R)%(X,E))

= OB () 003)) (wh) . (1/7) 2)

2hpe+nhrg +npr—+ne

+15(t) > (h/1)2X,E;,

J=2hnc+nhri+np.—+1

[I]

and ¢2 ;, € S:?’O’O microlocally. We have

=\ lal/2
(7.14) 0% 202.] < Ca (/D)
for (X,E) € U(,;/ )% y [Chrl, Lemma 2.4].
Now Re {G, gan((h/h)/2(X,E))} =0, so to ﬁnd the real part of H,> G, we need
only calculate Re Hys G. For [(X,E)| < (h/h) € we have with G as above in (7.7)

Hp G(X,Z) =

(7.15) = (h/ﬁ)¢’(t) KBW@)X, %> - <Bz7w(t)%,5>} G(X,E)
(7.16) (h/h)% W (1) §<a<;j ety ( )X,E> ainG(X, =)
(7.17) —(h/ﬁ)iﬂﬂ _7‘1_11<%Bz)w(t)(~,~)X,E> 6‘;0()(, E)-
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Now owing to Lemma [Chrl, Lemma 2.5] and (7.14) we have microlocally to
leading order in h:

Read . (Q2,) = Opapa (*1),
and in particular,
(7.18)  ilm [Q2,,G"] = —ihReOp¥ (qu tG) + O(R3/2R32),

Estimating the real part of the errors (7.16-7.17), we get

NSV )
Re(h/h) ;<a—Esz’w<t>("')X’E> 3¢ (X,2)

3
=\ 1 =
(7.19) = (W) T OEIX X ),

and analogously for (7.17). At (0,0), B, 4 is positive definite and block diagonal
of the form (6.14), so we compute:

Xh . _ |Xh |2
B anXa i; XC>>} > C 1(7}/]) +Xc 2
‘< v (0.0 <1+|thp|2 en) /)= T+ g+ el
- O 1 |X|2 + |thp| |Xcll|
1+ |thp|2
Hence
Xh
1 — <B’l/1(t) (070)X7 (1+|X ‘271Xc11)>
(7.20) Re ———— O(IE|| X[ Xnyp) -

2
1+ | Xy ‘<B¢(t)(O7O)X (Hﬁéﬁ,zXeu)N

Xn .
— Re { By (0,0)X, A,XC»OE,
e (Buo 0.0, (7810 ) ) O(=)

and analogously for (7.17). Now we expand B, ;) in a Taylor approximation about
(0,0) to get

RquthY =

~— Re (h/ﬁ) o)

Xn .
By (0,0)X, (ﬁ, ZXe11>>
yp
1+ |Athp|2
B (0,00, [ —=he =
2, () Yy V)= 1+|E|ﬁ s L=ell
yp

} <|E||Eh |
o (L=l |<X,E>|) ,
1‘i‘|:‘lnyp|2

+Re (h/h

+Re (h/ﬁ) W (t)

+Re (h/ﬁ

which, from (7.20), is
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Rqu;a tG

= Re(n/R)'(1) <Bz,w<t><o,o> (HX# X>>
1+ () o)
+Re (h/ﬁ)¢’<t>< w0, 0%, <1+:T:>>
: (1 + (h/ﬁ)%(’)(|X|)> .

Now since B, y:)(0,0) is block diagonal of the form (6.14), [Chrl, Theorem 4]
yields a linear symplectomorphism 1 such that

Rew}(Hyz (G)) =
= ()| B (1 (i) =)
+% (1 + (h/h) (|X|)) ]

where M and M’ are nonsingular. Thus, since x(t)y] (t) =

Im@z,t
= TImsx(t)[Q2,, G+ sx(t) B}’ + s*x(t)*E5’
= —shx(t)(A1(1 + Ep) + A2(1 + E{))"
(7.21) +sx(t)EY + s*x(t)*EY,

with Eo, B, = O(e), E1 = O(h*/?h3/?), Ey = O(hh), and (A; + Ap)* =: A =
Op}(A) for

[1]

n—me—1 72 2 n—nme—1 —2—2
X r. o=
(7.22) A(X, 2= 21 T J).

— /t —1y\x*

)= vOm) ( T X 1+ [M'E]

From [EvZw, Theorem 10.3] there is a unitary h-FIO F; quantizing Kfl so that
A= FOp¥(A)F; " = Op¥(kjA) + O(h?).

We claim that for h sufficiently small and & smooth,

R h o
(A5,7) 2 2]

for some constant C' > 0, which is essentially the lower bound for the harmonic
oscillator h2D% + X2. It suffices to prove this inequality for individual j, which is
the content of [Chrl, Lemma 5.1]. As Fj is unitary, setting @ = F14 for 4 smooth
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gives
wp h- ZNE
(Ava, ) > Fllal* - ok)|al”
ho
(7.23) > Flal*,

for h >0 sufficiently small.
Now fix h > 0 and |s| > 0 sufficiently small so that the estimate (7.23) holds
and the errors F; and Fs satisfy
IshA™ |2 > |sEqil| 2 + ||s* Edl| 2,

and fix e > 0 sufficiently small that the errors |Ep|, |Fo|" < 1, independent of h > 0.
For w a smooth function with wavefront set contained in U, we now have

~ hh
(@) > (N0
= W),

since x(¢) = 1 on the support of ¢ (¢). This is (7.11), the crucial estimate needed
for Step 4.

If .+ is not in the form (6.13), by Proposition 6.3 there is a symplectomorphism
K2 so that k3G, ¢ is of the form (6.13). Using [EvZw, Theorem 10.3] to quantize ks
as an h-FIO F5, we get

OpY¥ (K*Got + E1) = F1Q.4F,

where £y = O(h?) is the error arising from [EvZw, Theorem 10.3]. We may then
use the previous argument for xj3q.; getting an additional error of O(h?) from
[EvZw, Theorem 10.3] in (7.11).

7.5. Step 4: Estimation of W. Let v € L?(V) with wavefront set sufficiently
close to (0,0), and set o =T}, v. Now W(t) is no longer unitary, so we calculate
) <W(t)ﬁﬁ(t)a> = 2 <8tW(t)ﬁ,W(t)ﬁ>
_ 2/ 3/273/2\\ T/ (£)5 TV (47
= 2 {(Quu + ORI W )5, W (1))
— _E N 3/253/2\\ T/ (£\7 T ()7
- -3 <(Isz,t +O(h3/2h, )) W(t)v7W(t)v>

Y%

o (w/(t)ﬁ - 0(h1/2ﬁ3/2)) <W(t)17, W (t)o
Thus there is a positive constant C' such that

o0 ((W ()5, W(t)i ) e (WOh=OU RN/ >
SO

[Waya||" = ev@d-oo ey )2

and since (1) = 1, shrinking A > 0 if necessary, we have for 0 < h < hq sufficiently
small,

HW(l)f)H > R|W(0)3||, R> 1 independent of 0 < h < h.
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Now
W) = e XOT W 0)T, e O
= T, ;W (0)T,
is unitary, so
(7.24) || > rial,

independent of 0 < h < hg.
As in §5, let the operators K* be defined by

sK™ _ m—1_sx(1)G™ _ _ m—1_sG% _
e = Thﬁe Th)h = Thﬁe Th)h7

so that

and Theorem 6 is proved. O

Remark 7.2. The error arising at the end of the proof of Theorem 6 from the
use of [EvZw, Theorem 10.3] is of order O(h?) and hence negligible compared to
our lower bound of h for A. However, the estimate of A is used for the imaginary
part of @, and the error in [EvZw, Theorem 10.3] is real, so O(h) would have
been sufficient. This means the analysis above does not strictly depend on using
the Weyl calculus.

Remark 7.3. It is interesting to note that the estimate (1.3) depends only on the
real parts of the eigenvalues \; above. Unraveling the definitions, the eigenvalues J;
are logarithms of the eigenvalues of the linearized Poincaré map d.S(0) from above.
Then (1.3) depends only on the modulis of the eigenvalues of dS(0) which lie off
the unit circle. We interpret this as a quantum analogue of the fact that dS(0,0)
is semi-hyperbolic.

8. PROOF OF THE MAIN THEOREMS

The Main Theorem follows exactly as the Main Theorem in [Chrl] with the
corrections in [Chrla]. The proofs of Theorems 1’ and 2’ procede with very little
modification. The only things left to do are to prove Theorems 3 and 3’ and indicate
how to prove Main Theorem’.

8.1. Proof of Theorems 3 and 3'. Owing to [BuZw, Lemma A.2], we only need
to prove that in both cases Q(z) satisfies a polynomial estimate of the form
(8.1) ”@(Z)_IHLz(X)HL?(X) <Ol

for some N and z € [—¢, €] +i(—coh, coh). The operator P(h) — z satisfies a similar
estimate microlocally near ~, so we have to glue the microlocal estimate into the
better propagation estimates. We first observe that for any 6 > 0 we can take ¢
sufficiently small and interpolate to get

1P(=2)ull = B /C]lu]

for u with wavefront set sufficiently close to ~.
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Choose ¥y € C>®(T*X) satisfying g = 1 near v with small support. Choose
W e C>®(T*X) so that W = 1 away from v and W1y = 0. Finally, fix ¢ > 0 and
choose ¢ € C°(T*X) so that W > ¢ > 0 on supp (1 — ¢1). Then

[¢oul Ch_l_‘sll(;P—Z)%ull +O(RX)|u]
Ch™'20|Q(2)ull + Ch™°|[gull + O(h™) u]

where ) = 1 on WF},[P, ¢p]. But then the propagation estimate [Chr2, Lemma 2.4]
(trivially modified to the complex case) implies

IPull < Ch™HQ(2)ull + CII(L = Y1 )ul.
But | Im z| < ¢ph implies W + Im z > € — ¢oh > €/2 on supp (1 — ¢1). Hence
I —ul® < C{W + Tmz)(1 = gn)u, (1 - gy)u)
= —Clm (Q()(1 = )u, (1 = ¥a)u)
= —Tm (1= 1) (1= 1)Q()u,u ) + OR)|Jul?
ChH|Q(2)ull” + Ch* ul|*.

<
<

IN

Similarly, we use propagation again to estimate
11 = o)ull* < CRHIQ(2)ull® + C[ (1 = )l + OB ||ul?,
so that

[Poull + [[(1 = ho)ull
Ch™ 2 Q2)ull + CRY2=° [lul|?.

[l

IN A

Taking 6 < 1/2 yields (8.1).

8.2. Proof of the Main Theorem. Let W*" be a symbol which is microlocally 1
away from ~, and for z € [—e, €9] + i(—coh, coh), define as in (1.6)

(8.2) Q(z) := P(h) — z — iW™.

For the analysis near the boundary, choose also 1 € C*°(R) satisfying (2.6-2.7).

Let mj[ e T*X, for j = 1,..., K denote the points where v reflects off the

boundary, with mj-[ denoting the point of intersection with the boundary of the
outgoing and incoming bicharacteristics respectively, and let m; be the projection
of mj-[ onto T*(9X). Let U; C T*(0X) denote a neighbourhood of m; which is small
enough so that a factorization of P as in Lemma 2.1 is possible in a neighbourhood
of U;. Shrinking Uj; if necessary, we assume also that the construction in Lemma
2.6 is valid in a neighbourhood of U;. That is, if P is factorized as in Lemma 2.1
near Uj;, we write

P = (hDy — A_(x,hD"))(hDy — Ay (z,hD’)) near m;,

and there is an operator A, ;(x, hD’) which is 1 microlocally near U;, zero away
from U; and commutes with (hD; — Ay (z, hD’)) microlocally near Uj.
Let v be a small interval on the outgoing/incoming bicharacteristic near m*

= ) g
and let U; C T*X be a neighbourhood of v} such that
(WEn(4(P)Ap;))lox € Tj,
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and ¢(P)Ap; = 1on yiﬂﬁj. Choose x; € C(T*X), x; =1lon 173- with sufficiently
small support that
(8.3) Y(P)Ap; =1 on supp Vx; N.

Finally, set
Xo=1- ZX;‘-
J

Now for A € \Il%%b as in the statement of the Main Theorem’ with wavefront set

sufficiently close to v, let Ag € \112’0 have wavefront set close to v and satisfy

Ap=1on { WFRA\ UU'J ,
J

K

(8.4) Ap=1on U supp Vx; | N7,
§=0

Ap = 0 elsewhere .
We define A € \112’7217 satisfying
(8.5) A=1on WF,A
by
A =xodo + Z X;¥(P) Ay, 5,
J
where ¢ satisfies (2.6-2.7). Observe if WF, A is sufficiently close to 7, A satisfies
(8.5). We have Q(0)Au = P(h)Au since WF,a¥ N WF, A = . But
(8.6) P(h)Au = [P(h), A] u+ AP(hyu

and we claim

|[PAfu] = |2xodou+ Do (PRI )
(8.7) = Oh) |- Aul.

To see this, we observe for u € C*°(X) N L?(X),

[P, xoAolu+ Y [P,x;Ab,] =
J

= Xo [P, AQ] u 4+ [P, XQ]A()U
+Z (U (P) [P, Av ] + [Py xj] ¥ (P)Ab ) u

We have
([P, x0] Ao + Z [P, x;] ¥ (P)Ap,j)ull < Ch|(I — A)ull

J
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from (8.3) and (8.4). These two conditions also imply
WFx0 [P, Ag) Ny = 0 and
WELx;¢(P) [P, A ;] Ny =0,
and the symbol of Ay is compactly suppported away from the boundary, so
lIxo0 [P, Ao] ull < CRI|(I = A)ull.

For each j, it suffices to consider the remaining terms in local coordinates at the
boundary. Fix j and assume we are in the coordinates used in Lemma 2.6 in U;:

X (P) [P, Ay j(z, hD")] =
= x;¥(P)[(hDy — A_(z,hD"))(hD1 — Ay (2, hD")), Ay ;]
\B(P) [(hDy = A (2, hD')), Ay (2,hD)] (hD1 — Ay (a,hD')),
since A ; commutes with (hDy — Ay (x, hD’)). The principal symbol of
X (P) [(hDy = A (2, hD")), Ay (2, hD")]

is
P& b ) e+ @) {6 b ), on( 4] ) €0

which is O(h) and has h-wavefront set away from . Summing over j gives (8.7).
We now use the control theory arguments from [BuZw| and [Chrla]. That is, for
2 e[-1/2,1/2]

1Au]| <Cl1Q(2) ' Q2) Aul| + O(h™)]|ul

.
=C1IQ(=)" (AP(R) - 2) + [P(h), A}l + O]
<CIQ(=)A(P(R) — 2)ul + CIQ(=)" e [P(R), Alul] + O]

68 <N yp(h) yul + Clog (1B - Ayl + OB ul.

Here we have used that Q(z)A = (P(h) — 2)4, (8.6), (2.5) and P(h) — z is elliptic
away from {p =z} D 7.

This gives
lul < Au]l + (1~ A)ull
< CMII(PUL) — 2)ul| + C(log"?(1/h) + DI = A)ul| + O(B) ul|

h
which proves the Main Theorem’.

8.3. The proof of Theorem 2 and Theorem 2’. In order to prove Theorem
2 and Theorem 2’, which indicate the complex absorption term need only be of
size h. We first repeat the calculations leading to (8.8) with P(h) replaced by
Q(z) = P(h) — z — itha"
Next, we assume a® = B*B for some non-negative definite B € ¥°, so that
||Bu||2 = (au, ’LL> )

and [Chr2, Lemma 2.4] implies

C
12 = Aul| < S [Q)ull + Cll Bul| + O ul.
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Then, again using [Chr2, Lemma 2.4] on the term with (1 — A)u in (8.8) all told
we have the estimate
log(1/h)
h
Finally, to get the estimates (1.5) and (2.3) (and the improvement to a complex
neighbourhood), we calculate for z € [-1/2,1/2],

[Aul® = (au,u)

Jul <C 1Q(=)ull + Clog"*(1/h) || Aull + O(B) ul.

1

== Im (Q(2)u,u)
1

< L1Qe: ul Jul.

so that we have for any € > 0,

1/2
log"/?(1/h)|| Au|| < log"/*(1/h) (%IIQ(z)uIIIIuII)

< B oyl + .
€
Combining this with (8.8) and taking ¢ > 0 sufficiently small yields Theorems 2 and
2. The improvement to | Im z| < ch/log(1/h) follows from taking ¢ > 0 sufficiently
small, since then the order of the perturbation is the same order as the estimate.

9. AN APPLICATION: QUASIMODES NEAR ELLIPTIC ORBITS

In this section, we show how the techniques of reducing microlocal estimates near
a periodic orbit to estimates on an h-Fourier integral operator acting microlocally
on the Poincaré section via the Quantum Monodromy operator from [SjZw1] and
§4 can be used with the quasimode construction in [ISZ] to produce well-localized
quasimodes near an elliptic periodic orbit. We also give estimates on the number
and location of approximate eigenvalues associated to the quasimodes.

Let X be a smooth, compact manifold, dim X = n, and suppose P € \I/’“O(X)7
k > 1, be a semiclassical pseudodifferential operator of real principal type which
is semiclassically elliptic outside a compact subset of T*X as in the introduction.
Let ®; = exptH, be the classical flow of p and assume there is a closed elliptic
orbit v C {p = 0}. That ~ is elliptic means if N C {p = 0} is a Poincar’e section
for y and S : N — S(N) is the Poincaré map, then dS(0,0) has eigenvalues all of
modulus 1. We will also need the following non-resonance assumption:

if etion etiaz e tiak are eigenvalues of dS(0,0), then
(9.1) .
a1, Qa, ..., qp are independent over 7wZ.
Finally, we assume if v N dX # () then ~y reflects only transversally off 90X, 0X
is noncharacteristic with respect to P, and P € Diffi’%b.
Under these assumptions, it is well known that there is a family of elliptic closed

orbits v, C {p = z} for z near 0, with vy = ~. In this work we consider the following
eigenvalue problem for z in a neighbourhood of z = 0:

(P —z)u = 0;
(9:2) { lulloc = 1.

We prove the following Theorem.
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Theorem 7. For each m € Z, m > 1, and each cy > 0 sufficiently small, there is
a finite, distinct family of values
h m m
{21120 C [—eoh/™, coh*/™]

and a family of quasimodes {u;} = {u;(h)} with

WFh’U,J = "yzj,
satisfying
(9.3) { (P = 2zj)u; = O(h*)||ujllL2(x)s
lujlle(xy = 1.

Further, for each m € Z, m > 1, there is a constant C = C(co, 1/m) such that
(9.4) C~tpr=Ym) < N(h) < ChT™.

9.1. The Model Case. We consider the case n = 2, the first nontrivial dimension.
Recall the model for p near an elliptic periodic orbit is p € C*°(T*(S* x R)),

p=7+5( +8),
with a > 0 satisfying o ¢ 7Z. Then we study (9.2) for
P=hD; + %(gﬂ + h2D3).
Let
Q = F@+nDY)
= Oopy (S +eY).
Q is just «/2 times the harmonic osciallator, so we have
Qui, = h%(?k + vy
for
v = h71/4Hk(:c/h%)6712/2h,
lvellz = 1,

where Hj, are the (normalized) Hermite polynomials of degree k (see, for example,
[EvZw]). Note WFrv; = (0,0). Now we make an ansatz of

u = g(t)v(z)
for gx(t) to be determined. Plugging u into (9.2) yields

hDigi + Sh(2k + g = zgi.
which implies
)t
gx(t) = exp <% (z - %(2k + 1)h)) .
Since the spectrum of hD; on S' is {2rmh},,ez, we have
(9.5) 2= %(% + 1)k + 27mbh.

In the model case, since there is no microlocalization necessary (and, in particular,
p is not elliptic at infinity), we actually have dense spectrum in any interval.
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In order to motivate our general construction, we present the same example
from the point of view of the monodromy operator. Here we think of Q — z as a
z-dependent family of operators on L?(V), where V' C R is an open neighbourhood
of 0. Then the monodromy operator M (z) is defined microlocally as the time ¢t = 1
solution to the ordinary differential equation

{ hDM(z,t) + (Q — z)M(z,t) = 0,

9.6 .
(96) M(z,0) = id r2(v)—~2(v)-

Our general technique will be to find eigenfunctions of M (z) = M (z,1) with eigen-
value 1. Using again vy as in the previous paragraph, we try
M(z,t)vp = e 2™y,
with m € Z so that M (z, 1)vy = vg. This yields from (9.6)
(—h2ﬂ'm + %h(2k +1) - z) v =0
which is the same as (9.5).

9.2. Quasimodes on the Poincaré section. Theorem 5 and the definition of
the monodromy operator M (z) motivate us to study the normal form for a family
of elliptic symplectomorphisms

SZZW1—>W2

under the nonresonance condition (9.1) on dS(0), where W7 and W5 are neighbour-
hoods of 0 € R*"~2. We use the standard notation of [ISZ] and write
1y = :c? + §J2, and

According to the results of [IaSj] and [ISZ], there is a symplectic choice of coordi-
nates near (x,&; z) = (0,0;0) such that

(9.7) S, =expHy, + O((w,§;2)™),

for
n—1
q. = Z Aj(2)1; + R(z, 01, .., tn—1).
j=1

Here the remainder R(z,7) = O(:?) and the \;(z) are positive and depend smoothly
on z.
Further, if M(z) is the monodromy operator quantizing S, and

(9.8) (i) z € [—eoh'/™, egh*™] + i(—coh, coh),

(9.9) (i) o; < RY/™

for m € Z, m > 1, then there is a family of unitary h-FIOs V (z) such that
(9.10) eI M(z) = V() te HREMN=2/hy/ () £ Opa 12(h™),

where

(9.11) Q(z,h)

> hig;(z,I), with
§=0
qj(z,I) = O()
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and
qo(z,0) = q:(1).
Now let 3 € N*~! be a multi-index and define
n—1
v = esh™ Ve T Hy, (ay /),
j=1

with Hp, the Hermite polynomials as in §9.1 and cg chosen independent of A to
normalize vg in L*(R"~!). The functions vs satisfy

Ijvg = h(QﬂJ + 1)’0[3,
and with 1 = (1,...,1) € N*"~! we write
Ivg = h(26+1)vg

Hence we have
Q(z,hvs = [ D Wa(zh(28+1)) | vs

7=0
(9.12) =t (p(2)vg,

where

Z 2)(2B; + 1) + O(h?).
The quantization condition ( 9) implies we have the restriction on (g:
|hz i(2)(28; + 1) < CRY™,

for 0 < 1/m < 1, giving

#{Cs(2)} = #< | N(2)28;+1)| < Chl/m
~ {8 < w7
(9.13) ~ RO/ (),

9.3. The proof of Theorem 7. Observe the functions vg constructed above sat-
isfy
WFEpvg = (0, 0) e R?"2,

Beginning with vg we want to construct v and find values of z, 3, and k € Z so
that

(id = M(2))5 = O(h™).
Let
M(Z) = V(Z)]V[(Z)V(z)*1 — ¢~ iQ(z,h)=2)/h
with V(z) and Q(z,h) as in (9.10), and observe M(z) = M(z,1) for
M(z,t) = exp(=it(Q(=, h) — 2)/h)
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satisfying

(9.14)

hDM(z,t) + Q(2, h)M(z,t) = 2M(z, 1)
M(z,0) = id.

The spectrum of hD, on R/Z is {h2nk} for k € Z, so we want the solution space
to (9.14) intersected with the solution space to

(eiz/h - M(z, Dv=w
to contain the “ansatz” space
(9.15) v 5t x) = e 2Ry (2),
More precisely, vg g(1,z) = vgz, so we want to solve
{ @tﬂ(z,t)v@k +(Q(z,h) — z)M(&t)vB)k = —zM(z,t)v@k

M(z,0)vgk = v8,k-

That is, we want to find z satisfying
2z — (3(z) = 2mkh,

where (g(z) is given by (9.12).
Expanding Q(z,h) in a formal series in z as we may do according to the quan-
tization condition (9.9), we write

(9.16) Q(z,h) = > 2'Qu(h, 1)
=0
microlocally, with

QO_ZA 0)I; + O(I?),

and
Q1 =0().
Hence we will seek
(9.17) 20,
7=0

with z,(cjg = O(RU+D/™), For z,g %, we solve

M,—hz}\ )(28; + 1) + 2kwh

which is O(h'/™) if
(9.18) k| < CRY/m—1,
For z,(clg we plug z(o) + z,(cl) into (9.16) to get the equation

2:0) +22) = hZAj( 2ﬂj+1)+2k7rh+Zz + 200 Qu(h, h(26 + 1))
j =1

= 2z<0> A0Qu(h, h(28 + 1)) + O(h*/™),
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provided z,(clg = O(h*/™). Hence we choose
221 = 2{0Qu(h, h(26 + 1)).
Continuing in this fashion, we select z(J ) for 7 > 2 using the following equation:
-1 /j—r—1 r
l
2= 5 (3 40 e,
r=0 =0

modulo O(hU+2/™) hence 2} = O(RU+D/m),
Now there is no reason Why (9 17) should converge in any sense, so we want to
find a convergent series

Ekﬁ = Z](CJ%
=0
with z(J) = O(RU+D/™) | satisfying
(9.19) hp — Z 4 =0

for every N > 0. For this, we follow the proof of Borel’s Lemma from [EvZw].
Choose x € C°([—1,2]) satisfying x = 1 on [0,1]. Set

Zrp = Z X(Ajh)z;(f,é,
=0

where A; — 00, A\j < Aj41 has yet to be selected. Observe for each h > 0, this is a
finite sum, hence converges. We calculate:

mN+m e’} mN+m
o= D Ay = >, Akt 2 25 (x(A\jh) — 1)
7=0 mN+m+1
= A+ B.

But since zx(x) is uniformly bounded, we have

= , Nk
Al < E C.pl+1)/m 23 \:h
| | > = J )\th( J )

i—m-+1)/my—1
Z CJ’_h(J )/ by

<
mN+m+1
9]
< WV Y 27
mN-+1

if A; is sufficiently large.
To estimate B, we observe for 0 < Apun+mh <1, B =0 since x =1 on [0,1]. If
AmN+m < h, we calculate
mN+m

|B] < Z CihIFD™ (y(Azh) — 1)

IN

ONhl/m/\mNer Na
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which is (9.19).
Now for fixed (3, k) and N > 0, we have the crude estimate
1

mN+m ) mN-+m )
e S @) = - D 0] 1oy,
j=0 j=0

which from the definitions of zj g, Zx 3, and Q;(h, I) gives:

hDM (Zk,5, )05 + (Q(Zhp, ) — Z,3) M (i3, )0 =
= thM(Ekﬁ, t)’()g
!

mN+m [ mN mN-+m
| X (2G| @nh@s )~ 3 (&) | Mt
=0 \j=0 =0

+O(W)|vsl 2@n -1
= (Qkﬂ'h - ékﬁ)M(gkﬁ, t)’l)g + O(hN)”’UQHLQ(Rnfl).
Hence
M(2k737 If)’UB _ eit(?ﬂ'kfik,ﬁ/h)vﬁ + tO(hNil)H’UﬁHLz(Rn—l),
SO
(2" — M (Zk,5))v5 = O )l L2@ny
for any IV, or
(%07 — M(3y5))vg = O(h*°) [vg]| L2 (gn1)-
Now the definition of M implies
M (Zk,)V (Zr,8) " vp = V(Zk,5) " vg + OV (Zk,5) " vpll L2an-1),
SO
uz, 5 = By V(Zs) " vg,
with E defined in (4.4) satisfies (9.3).
Finally, the quantization conditions (9.8-9.9) and the estimates (9.13) and (9.18)
give
#{z: (Q(z,h) = 2)v = O(h*)} = C~ 1A~ "=/,
which is (9.4).
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APPENDIX A. SEMI-HYPERBOLIC GEODESICS IN 3 DIMENSIONS

In this appendix, we modify the example of Colin de Verdiere-Parisse [CVP] to
extend to three dimensions and have a semi-hyperbolic geodesic.
Consider the Riemannian manifold

M=R,/Z xR, xR,
equipped with the metric
ds? = cosh? y(22* — 22 +1)2d2? + dy® + d2°.
Thus the matrix for the metric
cosh? y(22* — 22+ 1), i=j =1,
gij =1 1,i=j=2,3, ,
0, i # J.
and we calculate the Christoffel symbols:
3, =T, = tanhy,
Iy, =T1g=(82"—22)(2" =22+ 1),
I‘il = —sinhycoshy(22* — 22 + 1),

I, =—(82" —22)(22" — 2° +1) cosh? y,
with all other Christoffel symbols equal to zero. The geodesic equtions are
i = —2(tanhy)yi — 2((82% — 22)(22* — 22 +1)71)z4
= sinhycoshy(22? — 2% + 1)%3?
5 = (82° —22)(22% — 2% 4+ 1) cosh? yi®.
Setting v, = &, vy, =9, and v, = £, we get the first order system
T = Uy,
vy = —2(tanhy)v,v, —2((82° — 22)(22* — 22 + 1) Hv, vy,
y o= vy
vy, = sinhycoshy(22* — 2% +1)%2,
Z = v,
v, = (82° —22)(22* — 22 4 1) cosh® yu?.
There are trivially three periodic geodesics, given by the solutions
z(t) = v(0)t+ z(0),
y) = 0,
z2(t) = 0,£1/2.

Next we examine the Laplace-Beltrami operator on M. We compute
A = g|7M?0,l91' 270,
= cosh 2 y(22* — 22 +1)7202 + 92 + 07
+tanhyd, + (82 — 22)(2* — 22 + 1)710..
The isometry T : L?(M, dVol,) — L*(M,dx dy dz) given by

Tu(z,y, z) = cosh/? y(22* — 22 + DY u(z, y, 2)
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FIGURE 8. The z-z hypersurface in M with some representative orbits.

conjugates A into a self-adjoint operator A A computation yields

A = TAT!
1
= cosh™2y(22* — 22 +1)7202 + oy + 02 — 1(1 + sech?y)

1 1
+Z(823 —22)%(22 = 224 1)7% - 5(24,z2 —2)(2zt =22+ 1)L

In keeping with the theme of this work, we want to examine asymptotic behaviour
of eigenfunctions for this operator. In order to separate variables, let

era(2,y,2) = ey, 2),
and compute:
—Awm =
= ( — Ay .+ kPcosh 2y(22* — 22 +1)72 4 i(l + sech?y)
—%(823 22224 — 221 1) 2 %(24,22 —9)(221 — 22 1)*1)%»
Rearranging, we have the following equation for ¢y x:

( — Ay E (cosh ™2 y(22% — 22 +1)72 1)

1

+—(1 4 sech®y) 1 (82% — 22)3(22% — 22 4 1) 72

— ]

P (2422 —2)(224 — 22 4 1)—1)%A
= (A= k).

[\)
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We divide by k% and use h = 1/k as the semiclassical parameter, giving

P(h)n = (_hQAyz +V(y,2))vn
(h*X = 1)¢p,
with
V(y,2) = cosh™?y(22* —22+1)"2 -1+

1 1
h21(1 + sech?y) — h21(823 —22)%(22* =224+ 1)7?

+h2%(24z2 —2)(2zt =22+ 1)L
The semiclassical principal symbol is
on(P) = 1>+ +cosh?y2z —22+1)"2 -1
= P44V
Observe V has nondegenerate critical points at y = 0, z = 0, £1/4. The signatures

of 2V are (=,4+), (—,—), and (—, —), respectively. Thus the quadratic part of the
normal forms for o, (P) takes the form

A
Ayn + 72(224—(2), near y = 0,z = 0, and
Ayn + Aez(, near y =0,z = +£1/4.
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